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Preface 

The study of bialgebraic structures started very recently. Till date there are no books 
solely dealing with bistructures. The study of bigroups was carried out in 1994-1996. 
Further research on bigroups and fuzzy bigroups was published in 1998. In the year 
1999, bivector spaces was introduced. In 2001, concept of free De Morgan 
bisenrigroups and bisemilattices was studied. It is said by Zoltan Esik that these 
bialgebraic structures like bigroupoids, bisemigroups, binear rings help in the 
construction of finite machines or finite automaton and semi automaton. The notion of 
non-associative bialgebraic structures was first introduced in the year 2002. The 
concept of bialgebraic structures which we define and study are slightly different from 
the bistructures using category theory of Girard's classical linear logic. We do not 
approach the bialgebraic structures using category theory or linear logic. 

We can broadly classify the study under four heads : 

i. bialgebraic structures with one binary closed associative operation : 
bigroups and bisemigroups 

ii. bialgebraic structures with one binary closed non-associative operation: 
biloops and bigroupoids 

iii. bialgebraic structures with two binary operations defined on the biset with 
both closure and associativity: birings, binear-rings, bisemirings and 
biseminear-rings . If one of the binary operation is non-associative leading 
to the concept of non-associative hiring, binear-rings, biseminear-rings 
and bisemirings. 

iv. Finally we construct bialgebraic structures using bivector spaces where a 
bigroup and a field are used simultaneously. 

The chief aim of this book is to give Smarandache analogous to all these notions for 
Smarandache concepts finds themselves accommodative in a better analysis by 
dissecting the whole structures into specified smaller structure with all properties 
preserved in them. Such sort of study is in a way not only comprehensive but also 
more utilitarian and purpose serving. Sometimes several subsets will simultaneously 
enjoy the same property like in case of defining Smarandache automaton and semi- 
automaton where, in a single piece of machine, several types of submachines can be 
made present in them — thereby making the operation economical and time-saving. 

Bistructures are a very nice tool as this answers a major problem faced by all 
algebraic structures - groups, semigroups, loops, groupoids etc. that is the union of 
two subgroups, or two subrings, or two subsemigroups etc. do not form any algebraic 
structure but all of them find a nice bialgebraic structure as bigroups, birings, 
bisemigroups etc. Except for this bialgebraic structure these would remain only as sets 
without any nice algebraic structure on them. Further when these bialgebraic 
structures are defined on them they enjoy not only the inherited qualities of the 
algebraic structure from which they are taken but also several distinct algebraic 
properties that are not present in algebraic structures. One such is the reducibility or 
the irreducibility of a polynomial, or we can say in some cases a polynomial is such 
that it cannot be reducible or irreducible. Likewise, we see in case of groups an 
element can be a Cauchy element or a non-Cauchy element or neither. 
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This book has ten chapters. The first chapter is unusually long for it introduces all 
concepts of Smarandache notions on rings, groups, loops, groupoids, semigroup, 
semirings, near ring, vector spaces and their non-associative analogues. The second 
chapter is devoted to the introduction of bigroups and Smarandache bigroups. The 
notion of Smarandache bigroups is very new. The introduction of bisemigroups and 
Smarandache bisenrigroups is carried out in chapter three. Here again a new notion 
called biquasi groups is also introduced. Biloops and Smarandache biloops are 
introduced and studied in chapter four. In chapter five we define and study the 
bigroupoid and Smarandache bigroupoid. Its application to Smarandache automaton is 
also introduced. Chapter six is devoted to the introduction and study of birings and 
Smarandache birings both associative and non-associative. Several marked 
differences between birings and rings are brought out. In chapter seven we introduce 
bisemirings, Smarandache bisemirings, bisemivector spaces, Smarandache 
bisemivector spaces. Binear rings and Smarandache binear rings are introduced in 
chapter eight. Chapter nine is devoted to the new notion of bistructures and bivector 
spaces and their Smarandache analogue. Around 178 problems are suggested for any 
researcher in chapter ten. Each chapter has an introduction, which brings out clearly 
what is dealt in that chapter. It is noteworthy to mention in conclusion that this book 
totally deals with 460 Smarandache algebraic concepts. 

I deeply acknowledge the encouragement given by Dr. Minh Perez, editor of the 
Smarandache Notions Journal for writing this book-series. As an algebraist, for the 
past one -year or so, I have only been involved in the study of the revolutionary and 
fascinating Smarandache Notions, and I owe my thanks to Dr. Perez for all the 
intellectual delight and research productivity I have experienced in this span of time. 

I also thank my daughters Meena and Kama and my husband Dr. Kandasamy without 
whose combined help this book would have been impossible. Despite having 
hundreds of mathematicians as friends, researchers and students I have not sought 
even a single small help from any of them in the preparation of this book series. I 
have been overwhelmingly busy because of this self-sufficiency - juggling my 
teaching and research schedules and having my family working along with me late 
hours every night in order to complete this - but then, I have had a rare kind of 
intellectual satisfaction and pleasure. 

I humbly dedicate this book to Dr. Babasaheb Ambedkar (1891-1956), the 
unparalleled leader of India's two hundred million dalits. His life was a saga of 
struggle against casteist exploitation. In a land where the laws decreed that the "low" 
caste untouchables must not have access to education, Dr. Ambedkar shocked the 
system by securing the highest academic honours from the most prestigious 
universities of the world. After India's independence, he went on to frame the 
Constitution of India (the longest in the world) - making laws in a country whose 
bigoted traditional laws were used to stifle the subaltern masses. His motto for 
emancipation and liberation was "Educate. Organize. Agitate." Education - the first 
aspect through which Dr. Ambedkar emphasized the key to our improvement - has 
become the arena where we are breaking the barriers. Through all my years of 
fighting against prejudice and discrimination, I have always looked up to his life for 
getting the courage, confidence and motivation to rally on and carry forward the 
collective struggles. 
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Chapter 1 



INTRODUCTORY CONCEPTS 



This chapter has seven sections. The main aim of this chapter is to remind several of 
the Smarandache concepts used in this book. If these Smarandache concepts are not 
introduced, the reader may find it difficult to follow when the corresponding 
Smarandache bistructures are given. So we have tried to be very brief, only the main 
definitions and very important results are given. In the first section we just recall 
definition of groups, loops and S-loops. Section two is devoted to the recollection of 
notions about semigroups and more about S-semigroups. In section three we introduce 
the concepts of groupoids and S-groupoids. Section four covers the notions about both 
rings and non-associative rings and mainly their Smarandache analogue. 

In the fifth section we give the notions of semirings and Smarandache semirings. Also 
in this section we give the concepts of semivector spaces and their Smarandache 
analogue. In section six concepts on near-rings and Smarandache near-rings are given 
to the possible extent as the very notion of binear-rings and Smarandache binear-rings 
are very new. In the final section we give the notions of vector spaces and 
Smarandache vector spaces. 



1.1 Groups, loops and S-loops 

In this section we just recall the definitions of groups, loops and Smarandache loops 
(S-loops) for the sake of completeness and also for our notational convenience, as we 
would be using these notions and notations in the rest of the book. Also we will recall 
some of the very basic results, which we feel is very essential for our study and future 
reference. 

Definition 1.1.1: A non-empty set G, is said to form a group if in G there is defined 
a binary operation, called the product and denoted by '• ' such that 

i. a, b e G implies a • b e G. 

ii. a, b, c e G implies (a • b) • c = a • (b • c). 

Hi. There exists an element e e G such that a • e = e • a = a for all a e G. 

iv. For every a e G there exists an element a' 1 e G such that a • a' 1 = a' 1 • a = e. 

If a • b = b • a for all a, b e G we say G is a abelian or a commutative group. If the 
group G has only a finite number of elements we call G a group of finite order 
otherwise G is said to be of infinite order. If a • b ^ b • a, for atleast a pair of 
elements a, b e G, then we call G a non-commutative group. 

Notation: Let X = {xi, x 2 , ... , x n }, the set of all one to one mappings of the set X to 
itself under the product called composition of mappings. Then this is a group. We 
denote this by S n called the symmetric group of degree n. We will adhere to this 
notation and the order of S n is n!. D 2n will denote the dihedral group of order 2n. That 

is D 2n = {a, b | a 2 = b n = 1, bab = a} = {1, a, b, b 2 , ..., b”' 1 , ab, ab 2 , ..., ab 11 " 1 }. |D 2n | = 
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2n. G = (g |g n = 1) is the cyclic group of order n; i.e. G = {1, g, g 2 , g n_1 }. A n will 

denote the alternating subgroup of the symmetric group S n and 



A 



n 




n! 

~ 2 ’ 



We call a proper subset H of a group G to be a subgroup if H itself is a group under 
the operations of G. The following classical theorems on group are just recalled. 

Lagrange Theorem: If G is a finite group and H is a subgroup of G then o(H) is a 
divisor of o(G). 

Note: o(G) means the number of elements in G it will also be denoted by |G|. 

Cauchy Theorem (for abelian groups): Suppose G is a finite abelian group and 
p/o(G) where p is a prime number, then there is an element a =£ e e G such that 
a p = e. 



Sylow’s Theorem (for abelian groups): IfG is an abelian group of finite order 
and if p is a prime number, such that p a / o(G), p a+I / o(G) then G has a subgroup of 
order p a . 

Cayley’s Theorem: Every group is isomorphic to a subgroup of S„ for some 
appropriate n. 

Cauchy Theorem: If p is a prime number and p / o(G), then G has an element of 
order p. 

For more results about group theory please refer [23 & 27]. Now we proceed on to 
recall some basic concepts on loops, a new class of loops using Z n , n prime and n > 3 
and about identities on loops and several other properties about them. 

Definition 1.1.2: A non-empty set L is said to form a loop if in L is defined a binary 
operation called product and denoted by '• ' such that 

i. for all a, b e L we have a • b e L. 

ii. there exists an element e e L such that a*e=e*a= a for all a e L. 

Hi. for every ordered pair (a, b) e L x L there exists a unique pair (x, y) e L 
such that a • x = b and y • a = b, defined on L need not always be 
associative. 

Example 1.1.1: Let L be a loop given by the following table: 



* 


e 


a 


b 


c 


d 


e 


e 


a 


b 


c 


d 


a 


a 


e 


c 


d 


b 


b 


b 


d 


a 


e 


c 


c 


c 


b 


d 


a 


e 


d 


d 


c 


e 


b 


a 
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Clearly (L, •) is non-associative with respect to It is important to note that all 
groups are in general loops but loops in general are not groups. 

Moufang Loop: A loop L is said to be a Moufang loop if it satisfies any one of the 
following identities: 

i. (xy) (zx) = (x(yz))x. 

ii. ((xy)z)y = x(y(zy)). 

iii. x (y (xz))= ((xy)x)z 

for all x, y, z e L. 

Bruck loop: Let L be a loop, L is called a Bruck loop if (x (yxJJ z = x (y (xz) ) and 
(xyf 1 = x' 1 y 1 for all x, y, z e L. 

Bol loop: A loop L is called a Bol loop if ((xy)z) y = x((yz)y) for all x, y, z e L. 

Alternative loop: A loop L is said to be right alternative if (xy) y = x(yy) for all x, 
y e L and left alternative if (x x) y = x (xy) for all x, y e L, L is said to be alternative 
if it is both a right and a left alternative loop. 

Weak Inverse Property loop: A loop L is called a weak inverse property loop if 
(xy) z = e imply x(yz) = e for all x, y, z e L; e is the identity element of L. 

Definition 1.1.3: Let L be a loop. A non-empty subset H of L is called a subloop ofL 
if H itself is a loop under the operations of L. A subloop H of L is said to be a normal 
subloop of L if 



i. xH = Hx. 

ii. (Hx) y = H (xy). 

iii. y(xH) = (yx)H, 

for all x, y e L. A loop is simple if it does not contain any non-trivial normal subloop. 

Definition 1.1.4: If x and y are elements of a loop L, the commutator (x, y) is 
defined by xy = (yx) (x, y). The commutator subloop of a loop L denoted by L' is the 
subloop generated by all of its commutators that is ({x e L/x = (y, z) for somey, z e 
L }) where for A a L, (A) denotes the subloop generated by A. 

Definition 1.1.5: If x, y, z are elements of a loop L an associator (x, y, z) is defined 
by (xy)z = (x(yz)) (x, y, z). The associator subloop of a loop L denoted by A(L) is the 
subloop generated by all of its associators, that is A(L) = fix e L / x = (a, b, c ) for 
some a, b, c e L }). 

Semialternative loop: A loop L is said to be semialternative if (x, y, z) = (y, z, x) 
for all x, y, z e L where (x, y, z) denotes the associator of elements x, y, z e L. 
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Definition 1.1.6: Let L be a loop the left nucleus N\ = (a e /. / (a, x, y) = e for all 
for all x, y g L} is a subloop of L. The right nucleus N p = {a e L \ (x, y, a) = e for all 
x, y g L} is a subloop of L. The middle nucleus N [l = {a g L / (x, a, y) = e for all x, y 
g LI is a subloop of L. The nucleus N(L) of the loop L is the subloop given by N(L) = 
NxnN^n N p . 

The Moufang Center: The Moufang center C(L) is the set of elements of the loop 
L which commute with every element of L i.e. C(L) = {x e L \xy = yx for all y e L}. 
The center Z(L) of a loop L is the intersection of the nucleus and the Moufang center 
i.e. Z(L) = C(L) n N(L). 

Definition 1.1.7: Let L n (m) = {e, 1, 2, 3, ..., n} be a set where n > 3 , n is odd and m 
a positive integer such that (m, n) = 1 and (m - 1, n) = 1 with m < n. Define on L n (m) 
a binary operation '• ' as follows: 

i. e • i = i • e = i for all i e L n (m). 

ii. i • i = i 2 = e for all i g L n (m). 

Hi. i • j = t where t = [mj - (m-l)ij (mod n) 

for all i,j g L n (m). i =£ j, i # e and j ^ e. 

Then L„(m) is a loop. 

Example 1.1.2: Consider L 5 (2) = {e, 1, 2, 3, 4, 5}. 

The composition table for Ls(2) is given below. 



* 


e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


3 


5 


2 


4 


2 


2 


5 


e 


4 


1 


3 


3 


3 


4 


1 


e 


5 


2 


4 


4 


3 


5 


2 


e 


1 


5 


5 


2 


4 


1 


3 


e 



This loop is of order 6, which is non-associative and non-commntative. 

L n denotes the class of all loops L n (m) for a fixed n and varying m’s satisfying the 
conditions m < n, (m, n) = 1 and (m - 1, n ) = 1, that is L n = {L n (m) | n > 3, n odd, m 
< n , (m, n) = 1 and (m-l,n)=l}. This class of loops will be known as the new 
class of loops and all these loops are of even order. Several nice properties are 
enjoyed by these loops, which is left for the reader to discover. 

Now we proceed on to recall the definition of S-loops. 

Definition 1.1.8: The Smarandache loop (S-loop) is defined to be a loop L such that 
a proper subset A of L is a subgroup with respect to the operations of L that is <|) ^ A 
a L. 



10 




Example 1.1.3: Let L be a loop given by the following table. L is a S-loop as every 
pair A; = {e, a;}; i = {1, 2, 3, 4, 5, 6, 7} are subgroups of L. 



* 


e 


ai 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


e 


e 


ai 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


ai 


ai 


e 


a 5 


a 2 


a 6 


a 3 


a 7 


a 4 


a 2 


a 2 


a 5 


e 


a 6 


a 3 


a 7 


a 4 


ai 


S3 


a 3 


a 2 


a 6 


e 


a 7 


a 4 


ai 


a 5 


a 4 


a 4 


a 6 


a 3 


a 7 


e 


ai 


a 5 


a 2 


a 5 


a 5 


a 3 


a 7 


a 4 


ai 


e 


a 2 


a 6 


a 6 


a 6 


a 7 


a 4 


ai 


a 5 


a 2 


e 


a 3 


a 7 


a 7 


a 4 


ai 


a 5 


a 2 


a 6 


a 3 


e 



Definition 1.1.9: The Smarandache Bol loop (S-Bol loop) L, is defined to be a S- 
loop L such that a proper subset A, A ci L, which is a subloop of L (A not a subgroup 
of L) is a Bol loop. 

Similarly we define S-Bruck loop, S-Moufang loop, S-right(left) alternative loop. 
Clearly by this definition we may not have every S-loop to be automatically a S-Bol 
loop or S-Moufang loop or S-Bruck loop or so on. 

Theorem 1 . 1 . 1 : Every Bol loop is a S-Bol loop but not conversely. 

Proof. Left as an exercise for the reader to prove. 

The same result holds good in case of Moufang, Brack and alternative loops. 

Definition 1.1.10: Let L and L' be two S-loops with A and A’ its subgroups 
respectively. A map <j> from L to L' is called S-loop homomorphism if <j) restricted to A 
is mapped to a subgroup A ' of L\ i.e. cj) A — > A’ is a group homomorphism. It is not 
essential that <j) be defined on whole of A. 

The concept of S-loop isomorphism and S-loop automorphism are defined in a similar 
way. 

Several properties about loops can be had from [5, 6] and that of S-loops can be had 
from [115, 116], 

1.2 Semigroups and S-semigroups 

In this section we introduce the notions of semigroups and S-semigroups. These 
notions will be used in building bigroups and other bi structures. As these notions are 
very recent [121], we felt it essential to introduce these concepts. 

Several of their properties given about S-semigroups will be used for the study of 
further chapters. 
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Definition 1.2.1: Let S be a non-empty set on which is defined a binary operation 
(S, •) is a semigroup. 

i. If for all a, b e S we have a • b e S. 

ii. a • (b • c) = (a • b) • c for all a, b, c e S. 

A semigroup in which a • b = b • a for all a, b e S, then we call S a commutative 
semigroup. IfS has a unique elemen t e e S such that a * e = e • a = a for all a, b e S 
then we call the semigroup a monoid or a semigroup with unit. If the number of 
elements in S is finite we say the semigroup S is of finite order and denote the order of 
S by o(S) or IS]. If the number of elements in S is not finite i.e. infinite we say S is of 
infinite order. 

Definition 1.2.2: Let (S, •) be a semigroup, a proper subset P of S is said to be a 
subsemigroup of S if (P, •) is a semigroup. 

Definition 1.2.3: Let (S, •) be a semigroup. P a proper subset of S. P is called a 
(right) left ideal of S if (ar), ra e P for all r e S and a e P. P is said to be a two sided 
ideal if P is simultaneously a left and a right ideal of S. 

The concept of maximal ideal, principal ideal and prime ideal can be had from any 
textbook on algebra [22, 26, 27, 30, 31, 32], 

Notation: Let X = {ai, ..., a n } where a;'s are distinct, that is |X| = n. Let S(X) denote 
the set of all mappings of the set X to itself. Then S(X) under the operations of 
composition of mappings is a semigroup. 

This semigroup will be addressed in this book as the symmetric semigroup on n 
elements. Clearly o(S(X)) = n 11 and S(X) is a non-commutative moniod. Further S(X) 
contains S n the symmetric group of degree n as a proper subset. 

Definition 1.2.4: A Smarandache semigroup (S-semigroup) is defined to be a 
semigroup A such that a proper subset X of A is a group with respect to the same 
binary operation on A. (X ^ (|) and X ^ A but Xa A). 

Example 1.2.1: Let S(5) be the symmetric semigroup. S(5) is a S-semigroup. 

Example 1.2.2 : Let Z !0 = {0, 1, 2, ..., 9} be a semigroup under multiplication modulo 
10. Clearly Z 10 is a S-semigroup for X = {2, 4, 6, 8} is a group. 

Definition 1.2.5: Let S be a S-semigroup. If every proper subset A of S which is a 
group is commutative, then we say the S-semigroup is a Smarandache commutative 
semigroup (S-commutative semigroup). If atleast one of them is commutative then we 
say the S-semigroup is Smarandache weakly commutative (S-weakly commutative). If 
every proper subset which is subgroup is cyclic then we call S a Smarandache cyclic 
semigroup (S-cyclic semigroup). If atleast one of the subgroup is cyclic we call the 
semigroup Smarandache weakly cyclic (S-weakly cyclic). 

Several interesting results can be obtained in this direction but the reader is requested 
to refer [121]. 
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Definition 1.2.6: Let S be a S-semigroup. A proper subset A of S is said to be a 
Smarandache subsemigroup (S-subsemigroup) of S if A itself is a S-semigroup, that is 
A has a proper subset B (B c A) such that B is a group under the operations of S. 

Several nice characterizations theorems can be had from [121]. 

Definition 1.2.7: Let S be a S-semigroup. If A a S is a proper subset of S and A is a 
subgroup which cannot be contained in any other proper subsemigroup of S then we 
say A is the largest subgroup of S. 

Suppose A is the largest subgroup of S and if A is contained in a proper subsemigroup 
X of S then we call X the Smarandache hyper subsemigroup (S-hyper subsemigroup) 
of S. Thus we say the S-semigroup S is Smarandache simple (S-simple) if S has no S- 
hyper subsemigroup. 

It is interesting to note that Z i9 = {0, 1, 2, 3, 18} is the semigroup under product 

modulo 19; we see |Zi 9 | = 19. Take the set X = {1, 18}. Clearly X is subgroup as well 
as a subsemigroup with o(X) = 2; we see 2/19. 

So we are interested in introducing the concept of Smarandache Lagrange theorem. 

Definition 1.2.8: S be a finite S-semigroup. If the order of every proper subset, 
which is a subgroup of S, divides the order of the S-semigroup S then we say S is a 
Smarandache Lagrange semigroup (S-Lagrange semigroup). If there exists atleast 
one subgroup in S which divides the order of the S-semigroup we call S a 
Smarandache weakly Lagrange semigroup (S-weakly Lagrange semigroup). If the 
order of no subgroup divides the order of the S-semigroup S then we call S a 
Smarandache non-Lagrange semigroup (S-non-Lagrange semigroup). The 
semigroups Z p (p a prime) and Z p the semigroup under multiplication modulo p falls 
under the S-non-Lagrangian semigroups. 

The concepts of S-p-Sylow semigroups Cauchy elements and several other interesting 
results can be found in the book [121], the reader is expected to refer it for more 
information. 



1.3 Groupoids and S-groupoids 

In this section we give a brief sketch of the results about groupoids and S-groupoids. 
Further this section also recalls the new classes of groupoids built using the ring of 
integers Z n , and Z and Q the field of rationals. We give some important results about 
S-groupoids and groupoids and S-groupoids, which satisfy special identities like Bol, 
Brack, Moufang and alternative. 

For more about groupoids and S-groupoids the reader is requested to refer the book 
[111,114], 

Definition 1.3.1: Given an arbitrary set P a mapping of P/P into P is called a 
binary operation on P. Given such a mapping a: P x P — » P we use it to define a 
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product '*' in P by declaring a * b = c if c (a, b) = c or equivalently we can define it 
with more algebraic flavor as: 

A non-empty set of elements G is said to form a groupoid if in G is defined a binary 
operation called the product denoted by '* ' such that a * b e G for all a, b e G. 

It is important to note that the binary operation '* ’ defined on G need not be in 
general be associative i.e. a * (b * c) ^ (a * b) * c for a, b, c e G: so we can roughly 
say the groupoid (G, *) is a set on which is defined a non-associative binary 
operation which is closed on G. 

Definition 1 . 3 . 2 : A groupoid (G, *) is said to be a commutative groupoid if for 
every a, b e G we have a * b = b * a. A groupoid G is said to have an identity element 
e in G if a * e = e * a = a for all a e G. 

We call the order of the groupoid G to be the number of elements in G and we denote 
it by o(G) or G’|. If o(G) = n, n < oc we say G is a finite groupoid other wise G is said 
to be an infinite groupoid. 

Definition 1 . 3 . 3 : Let (G, *) be a groupoid. A proper subset H a G is a subgroupoid, 
if (H, *) is itself a groupoid. All semigroups are groupoids; so groupoids form a most 
generalized class of semigroups. 

Definition 1 . 3 . 4 : A groupoid G is said to be a Moufang groupoid if it satisfies the 
Moufang identity (xy) (zx) = (x (yz)) x for all x, y, z e G. 

A groupoid G is said to be a Bol Groupoid if G satisfies the Bol identity; ((xy) z)y = 
x(i (yz)y) for all x, y, z e G. 

A groupoid is said to be a P-groupoid if (xy) x = x (yx) for all x, y e G. 

A groupoid G is said to be right alternative if it satisfies the identity (xy) y = x (yy) for 
all x, y e G and G is said to be left alternative if (xx)y = x(xy) for all x, y e G. A 
groupoid is alternative if it is both right and left alternative simultaneously. 

Several properties about these groupoids with examples can be had from the two 
textbooks [5, 114], 

Definition 1 . 3 . 5 : Let (G, *) be a groupoid. A proper subset H of G is said to be 
subgroupoid of G if (H, *) is itself a groupoid. A non-empty subset P of the groupoid 
G is said to be a left ideal of the groupoid G if 

i. P is a subgroupoid. 

ii. For all x e G and a e P. 

x * a g P. 

One can similarly define right ideal of a groupoid G. We say P is an ideal of the 
groupoid G if P is simultaneously a left and a right ideal of G. 
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Definition 1.3.6: Let G be a groupoid. A subgroupoid V of G is said to be a normal 
subgroupoid of G if 

i. aV= Va. 

ii. (Vx) y = V(xy). 

Hi. y (xV) = (yx) V 

for all a, x, y e G. A groupoid is said to be simple if it has no nontrivial normal 
subgroupoids. 

Now when do we call a groupoid G itself normal. 

Definition 1.3.7: A groupoid G is normal if 

i. xG = Gx. 

ii. G(xy) = (Gx) y. 

Hi. y(xG) = (yx)G 

for all x, y e G. 

Definition 1.3.8: Let G be a groupoid, H and K be two proper subgroupoids of G 
with H n K = <j>; we say H is conjugate with K if there exists a x e II such that H = 
xK or Kx (or in the mutually exclusive sense). 

Definition 1.3.9: Let (Gi, 0//, (G 2 , 0 2 ), ... , ( G„, d„) be n groupoids with 0, binary 
operations defined on each G„ i= 1, 2, ..., n. The direct product of G/, ..., G n denoted 
by G = Gi x ... x G„ = {gi, ... , g n ) \ gi e Gj by component wise multiplication of G,; 
G becomes a groupoid. For if g = (g /, ..., g n ) and h = (hi, ... , g n ) then g * h = 
{(giQihi, g 2 02 112 , g„ 6/; h n )}. Clearly g * h belongs to G; so G is a groupoid. 

Unlike in groups in groupoids we can have either left or right identity; we define 
them. 

Definition 1.3.10: Let (G, •) be a groupoid we say an element e e G is a left identity 
if e • a = a for all a e G. Similarly right identity of the groupoid can be defined; if e 
e G happens to be simultaneously both right and left identity we say the groupoid G 
has an identity. Similarly we say an element a e G is a right zero divisor if a • b = 0 
for some b ^ 0 in G and a 1 in G has left zero divisor if bi • ai = 0. We say G has a 
zero divisor if a • b = 0 and b • a = 0 for a, b e G {0}. 

Definition 1.3.11: Let G be a groupoid, the center of the groupoid G is C(G) = {a e 
G | ax = xa for all x e G}. 

Definition 1.3.12: Let (G, •) be a groupoid of order n. We say b, a e G is a 
conjugate pair if a = b • x (or xb for some x e G) and b = a • y (or ya for some y e 
G). An element a in G said to be right conjugate with b in G if we can find x, y e G 
such that a • x = b and b • y = a (x • a = b and y • b = a). 
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Similarly we define left conjugate. It is a very well known fact that we do not have 
many natural examples of groupoids; here we define four new classes of groupoids 
built using Z n the set of integers addition and multiplication modulo n. 

Definition 1.3.13: Let Z n = {0, 1, 2, ..., n-1}, n > 3. For a, b e Z„ define a binary 
operations on Z n as follows, a * b = ta + ub (mod n) where t, u are 2 distinct 
elements in Z n \ { 0 } such that (t, u) = 1 ; '+’ here is the usual addition modulo n. 
Clearly {Z n , *, (t, u)} is a groupoid. Now for varying t, u e Z„ \ {0}, t and u distinct 
such that (t, u) = 1, we have a class of groupoids; we denote this class of groupoids 
by Z(n). Z(n) = { Z„ (t, u) , * , (t, u) = 1}. 

Let Z„ = {0, 1, 2, ..., n-1}, n > 3, n < oc. Define operation ‘* ’ on Z„ by a * b = ta + bu 
(mod n) where t, u e Z„ \ {0} (t and u need not always be relatively prime but t # u). 
Then {Z n , * (t, u)} is a groupoid we denote this class of groupoids by Z (n) = {Z n (t, 
u), *, (t, u)} thus we have Z* (n) zd Z(n). Now using Z n if we select t, u e Z„ \ {0} such 
that t can also be equal to a then we get yet another new class of groupoids which we 
denote by Z**(n) thus Z* fn) = {Z„, *, (t, u)} This class of groupoids completely 
contains the class of groupoids Z* (n) and Z(n). Thus Z(n) <zz Z* (n) <zz Z**(n). 

Now we define yet another new class of groupoids using Z„. We define groupoids 
using Z n , by for a, b e Z„ choose any pair of elemen t (t, u) in Z„ and define for a, b e 
Z n , a* b = ta + ub (mod n). Now we denote this class of groupoids by Zlfn). Clearly 
Z(n) a Z* (n) a Z**(n) a Z***(n). Further on Z or Q or R we define '*' by a * b = ta + 
bu. This (Z, *) forms a groupoid of infinite order. Similarly (Q, *) and (R, *). Thus on 
Z we have infinite number of groupoids of infinite order. 

For more about groupoids please refer [5, 11]. 

We now proceed on to define Smarandache groupoids. 

Definition 1.3.14: A Smarandache groupoid (S-groupoid) G is a groupoid which 
has a proper subset S, S a G such that S under the operations of G is a semigroup. If 
G is a S-groupoid and if the number of elements in G is finite we say G is finite 
otherwise G is of infinite order. 

Definition 1.3.15: Let (G, *) be a S-groupoid. A non-empty subset H of G is said to 
be a Smarandache subgroupoid (S-subgroupoid) if H contains a proper subset K a II 
such that K is a semigroup under the operation '* ’. 

Theorem 1.3.1: Every subgroupoid of a S-groupoid need not in general be a S- 
subgroupoid of S. 

Proof: Left for the reader as an exercise. 

Theorem 1.3.2: Let G be a groupoid having a S-subgroupoid then G is a S- 
groupoid. 

Proof: Straightforward by the very definition. 
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Definition 1.3.16: Let G be a S-groupoid if every proper subset of G, which is a 
semigroup, is commutative then we call G a Smarandache commutative groupoid (S- 
commutative groupoid). (It is to be noted that G need not be a commutative groupoid, 
it is sufficient if every subset which is a semigroup is commutative). We say G is a S- 
weakly commutative groupoid if G has atleast one proper subset which is a semigroup 
is commutative. 

The following theorem is left as an exercise for the reader to prove. 

Theorem 1.3.3: Every S-commutative groupoid is a S-weakly commutative groupoid. 

Definition 1.3.17: A Smarandache left ideal (S-left ideal) A of the S-groupoid G 
satisfies the following conditions. 

i. A is a S-subgroupoid. 

ii. x e G and a e A then x a e A. 

Similarly we can define Smarandache right ideal (S-right ideal). If A is both a S-right 
ideal and S-left ideal simultaneously then we say A is a Smarandache ideal (S-ideal) 

of G. 

Definition. 1.3.18: Let G be a S-subgroupoid of G. We say V is a Smarandache 
seminormal groupoid (S-seminormal groupoid) if 

i. a V = X for all a e G, 

ii. Va = Y for all a e G, 

where either X or Y is a S-subgroupoid of G but X and Y are both subgroupoids. V is 
said to be a Smarandache normal groupoid (S-normal groupoid) if aV = X and Va = 
Y for all a e G where both X and Y are S-subgroupoids of G. 

Theorem 1.3.4: Every S-normal groupoid is a S-seminormal groupoid and not 
conversely. 

Proof: Straightforward hence left for the reader as an exercise. 

Definition 1.3.19: Let G be a S-groupoid H and P be two subgroupoids of G. We 
say H and P are Smarandache semiconjugate subgroupoids (S-semiconjugate 
subgroupoids) of G if 

i. H and P are S-subgroupoids of G. 

ii. H = xP or Px or 

iii. P = xll or I lx for some x e G. 

We call two subgroupoids H and P of a groupoid G to be Smarandache conjugate 
subgroupoids (S-conjugate subgroupoids) of G if 

i. H and P are S-subgroupoids of G. 

ii. H = xP or Px and 

iii. P = xH or Hx. 
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The following theorem which directly follows from the very definitions is left as an 
exercise for the reader. 

Theorem 1.3.5: Let G be a S-groupoid. If P and K are two S-subgroupoids of G, 
which are S-conjugate, then they are S-semiconjugate and the converse in general is 
not true. 

Definition 1.3.20: Let G be a S-groupoid. We say G is Smarandache inner 
commutative (S-inner commutative) if every S-subgroupoid of G is inner commutative. 

Several interesting results can be obtained in this direction connecting commutativity 
and the inner commutativity. 

Definition 1.3.21: Let G be a groupoid, G is said to be a Smarandache Moufang 
groupoid (S-Moufang groupoid) if there exists If a G such that H is a S-subgroupoid 
of G and (xy) (zx) = (x (yz) ) x for all x, y, z e H. 

If every S-subgroupoid of a groupoid G satisfies the Moufang identity then we call G 
a Smarandache strong Moufang groupoid (S-strong Moufang groupoid). 

On similar lines we define Smarandache Bol groupoid, Smarandache strong Bol 
groupoid, Smarandache alternative groupoid and Smarandache strong alternative 
groupoid. 

Definition 1.3.22: Let G be a S-groupoid we say G is a Smarandache P-groupoid 
(S-P-groupoid) if G contains a proper S-subgroupoid A such that (x * y) * x = x* (y * 
x) for all x, y, e A. We say G is a Smarandache strong P-groupoid (S-strong P- 
groupoid) if every S-subgroupoid of G is a S-P- groupoid of G. 

Several interesting results in this direction can be had from [114], 

Definition 1.3.23 :Let Gi, G 2 , ..., G n be n- groupoids. We say G = Gi x G 2 x ...x G„ 
is a Smarandache direct product of groupoids (S-direct product of groupoids) if G has 
a proper subset H of G which is a semigroup under the operations of G. It is 
important to note that each Gi need not be a S-groupoid for in this case G will 
obviously be a S-groupopid. 

Definition 1.3.24: Let (Gj, •) and ( 64, *) be any two S-groupoids. A map <j) from Gi 
to G 2 is said to be a Smarandache homomorphism (S-homomorphism) if (j ): Aj —> A 2 
where A 1 a G/ and A 2 a G 2 are semigroups of Gj and G 2 respectively that is (j) (a • b) 
= <\> (a) * § (b) for all a, b e Aj. 

We see that (j) need not be even defined on whole of G/. Further if (j) is 1-1 we call <|) a 
Smarandache groupoid isomorphism (S-groupoid isomorphism). 

For more about groupoids and S-groupoids the reader is requested to refer [1 14], 
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1.4 Rings, S-rings and SNA-rings. 



In this section we introduce the basic notions of rings especially Smarandache rings 
(S-rings) as we cannot find much about it in literature. Further we define non- 
associative rings and Smarandache non-associative rings (SNA-rings). The reader is 
expected to have a good background of algebra and almost all the algebraic structures 
thoroughly for her/him to feel at home with this book. For S-rings and SNA-rings 
please refer [119, 120]. We briefly recollect some results about rings and fields and 
give more about S-rings and SNA-rings. 

Definition 1.4.1: Let (R, +, •) be a non-empty set on which is defined two binary 
operations '+' and '•'satisfying the following conditions: 

i. (R, +) is a group under '+ ’. 

ii. (R, •) is a semigroup. 

iii. a • (b + c)= a • b+ a • c and (b + a) •c = b*c + a*c for 
all a, b c e R. 

Then we call R a ring. If in R we have a • b = b • a for all a, b e R then R is said to 
be a commutative ring. If in particular R contains an element 1 such that a • 1 = 1 • a 
= a for all a e R, we call R a ring with unit. R is said be a division ring ifR is a ring 
such that R has no non-trivial divisors of zero. R is an integral domain if R is a 
commutative ring and has no non-trivial divisors of zero. (R, +, •) is said to be a field 
if (R 1 {0}, •) is a commutative group. 

Q the set of rationals is a field under usual addition and multiplication, R the set of 
reals is also a field; where as Z the set of integers is an integral domain, Z p , p a prime 
i.e. Z p = {0, 1, 2, ..., p - 1} is also a field. A field F is said to be of characteristic 0 if 
nx = 0 for all x e F forces n = 0 (where n is a positive integer). We say F p is a field of 
characteristic p if px = 0 for all xeF p and p a prime number. Z 2 = {0, 1}, Z 3 = {0, 1, 
2} and Z 7 = {0, 1, 2, 3, ..., 6} are fields of characteristic 2, 3 and 7 respectively. Let F 
be a field, a proper subset A of F is said to be a subfield, if A itself under the 
operations of F is a field. 

For example in the field of reals R we have Q the field of rationals to be a subfield. If 
a field has no proper subfields other than itself then we say the field is a prime field. Q 
is a prime field of characteristic 0 and Z n = {0, 1, 2, ..., 10} is the prime field of 
characteristic 11. 

Definition 1.4.2: Let (R, +, •) be any ring. S a proper subset of R is said to be a 
subring of Rif (S, +, •) itself is a ring. We say a proper subset I of R is an ideal of R if 

i. I is a subring. 

ii. r • i and i • r e I for all i e I and r e R. 

(The right ideal and left ideal are defined if we have either i • r or r • i to be in I ‘or’ 
in the mutually exclusive sense). An ideal I of R is a maximal ideal of R if J is any 
other ideal of R and I cJ cii then either I = J or J = R. An ideal K ofR is said to be 
a minimal ideal of R if (0) a P a K then P = (0) or K = P. We call an ideal I to be 
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principal if I is generated by a single element. We say an ideal X of R is prime if x • y 
g X implies x g X or y g X 

Several other notions can be had from any textbook on ring theory. We just define 
two types of special rings viz group rings and semigroup rings. 

Definition 1.4.3: Let R be a commutative associative ring with 1 or a field and let G 
be any group. The group ring RG of the group G over the ring R consists of all finite 
formal sums of the form }a i g j (i-runs over a finite number) where a, g R and g, g 

i 

G satisfying the following conditions: 



£« igi = £ PiS/ <=> w = Pi for i = 12,...,} 

= 1 i=l 

iaJ + fip,«,] = i(a, + P,k 



i=l 



111. 



( n \ ( n 

£p jhj 

v 1=1 y \j=i ) 



= ZYj K m K where y K =Za ; p,, m K = g, 



hj. 



iv. figi = gp'i for r t e R and g t g G. 

v. Clearly l.G ciRG and R.l c RG. 



Definition 1.4.4: The semigroup ring RS of a semigroup S with unit over the ring R 
is defined as in case of definition 1.4.3 in which G is replaced by S, the semigroup. 



Now we proceed on to define the concept of loop rings and groupoid rings. These 
give a class of rings which are non-associative. 



Definition 1.4.5: Let R be a commutative ring with 1 or a field and let L be a loop. 
The loop ring of the loop L over the ring R denoted by RL consists of all finite formal 
sums of the form } j a i m i (i runs over a finite number) where a, g R and nij g L 

i 

satisfying the following conditions: 



m. 



£a,m, = £ p » a, = p, for i = 1,2,3, ... ,n. 

=1 i-1 

n \ f n A n 

Z a ,m, + i Z P i m i = Z( a .' + P/ ) m i ■ 



f n \ f n \ 

Z a iPi Z P i s j = K n G where m K = Pi s P y K =Ia,P 

\i=l J\j=l 
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iv. r, rrij = m, r t for all r, e R and m,- e L. 

n n 

v. rY j r,m i =^(rr)m, 

i=7 7=7 

for all r e 7? and S r, m, & R L. RL is a non-associative ring with 0 & R as its additive 
identity. Since I & R we have L = l.L <z /**/. and R.e = R cz RL where e is the identity > 
element of L. 

Note: If we replace the loop L by a groupoid with 1 in the defintion 1.4.5 we get 
groupoid rings, which are groupoid over rings. 

This will also form a class of non-associative rings. Now we recall, very special 
properties in rings. 

Definition 1.4.6: Let R he a ring. An element x e R is said to be right quasi regular 
(r.q.r) if there exists a y e R such that x o y = 0; and x is said to be left quasi regular 
(l.q.r) if there exists ay' e R such thaty'ox = 0. An element x is quasi regular (q.r) if 
it is both right and left quasi regular, y is known as the right quasi inverse (r.q.i) of x 
and y' is the left-quasi inverse (l.q.i) of x. A right ideal or a left ideal in R is said to be 
right quasi regular (l-q-r or qr respectively) if each of its element is right quasi 
regular (l-q r or q-r respectively). Let R be a ring. An element x e R is said to be a 
regular elemen t if there exists a y e R such that x y x = x. The Jacobson radical J( R) 
of a ring R is defined as follows: 

J(R) = {a e R / a R is a right quasi regular ideal ofR}. 

In case of non-associative rings we define the concept of regular element in a different 
way. We roughly say a ring R is non-associative if the operation on R is non- 
associative. 

Definition 1.4.7: Let R be a non-associative ring. An element x e R is said to be 
right regular if there exists ay e R <y' e R) such that x(yx) = x ((xy) x = x). A ring R 
is said to be semisimple ifJ(R) = {01 where J(R) is the Jacobson radical ofR. 

Several important properties can be obtained in this direction. We now proceed on to 
prove the concept of Smarandache rings (S-rings) and Smarandache non-associative 
rings (SNA-rings for short). 

Definition 1.4.8: A Smarandache ring (S-ring) is defined to be a ring A, such that a 
proper subset of A is a field with respect to the operations induced. By proper subset 
we understand a set included in A, different from the empty set, from the unit element 
if any and from A. 

These are S-ring I, but by default of notation we just denote it as S-ring. 

Example 1.4.1: Let F[x] be a polynomial ring over a field F. F[x] is a S-ring. 
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Example 1.4.2: Let Z 6 = {0, 1, 2, 5}, the ring of integers modulo 6. Z 6 is a S-ring 

for take A = {0, 2, 4} is a field in Z&. 

Definition 1.4.9: Let R be a ring. R is said to be a Smarandache ring of level II (S- 
ringll) ifR contains a proper subset A (A ^ 0) such that 

i. A is an additive abelian group. 

ii. A is a semigroup under multiplication 

Hi. For a, b e A; a • b = 0 if and only if a = 0 or b = 0. 

The following theorem is straightforward hence left for the reader to prove. 

Theorem 1.4.1: Let R be a S-ring I then R is a S-ring II. 

Theorem 1.4.2: Let R be a S-ring II then R need not be a S-ring I. 

Proof. By an example, Z[x] is a S-ring II and not a S-ring I. 

Definition 1.4.10: Let R be a ring, R is said to be a Smarandache commutative ring 
II (S-commutative ring II) if R is a S-ring and there exists atleast a proper subset A of 
R which is a field or an integral domain i.e.for all a, b e A we have ab = ba. If the 
ring R has no proper subset, which is a field or an in tegral domain, then we say R is a 
Smarandache-non-commutative ring II (S-non-commutative ring II). 

Several results can be obtained in this direction, the reader is advised to refer [120]. 

It is an interesting feature that for S-ring we can associate several characteristics. 

Definition 1.4.11: Let R be a S-ring I or II we say the Smarandache characteristic 
(S-characteristic) ofR is the characteristic of the field, which is a proper subset of R 
(and or) the characteristic of the integral domain which is a proper subset of R or the 
characteristic of the division ring which is a proper subset of R. 

Now we proceed on to define Smarandache units, Smarandache zero divisors and 
Smarandache idempotents in a ring. This is defined only for rings we do not assume it 
to be a S-ring. 

Definition 1.4.12: Let R be a ring with unit. We say x e R 1 {1} is a Smarandache 
unit (S-unit) if there exists ay e R with 

i. xy = I. 

ii. there exists a, b e R\{x,y, 1} 

a. xa = y or ax =y or 

b. yb = x or by = x and 

c. ab = 1. 

ii(a) or ii(b) is satisfied it is enough to make it a S-unit. 

Theorem 1.4.3: Every S-unit of a ring is a unit. 
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Proof. Straightforward by the very definition. 

Several results in this direction can be had from [120]. Now we proceed on to define 
Smarandache zero divisors. 

Definition 1.4.13: Let R be a ring we say x and y in R is said to be a Smarandache 
zero divisor (S-zero divisor) if xy = 0 and there exists a, b e R 1 {0, x, y} with 

i. x a = 0 or a x = 0. 

ii. y b = 0 or by = 0. 

Hi. a b r 0 or b a r 0. 

The following theorem can be easily proved by examples and by the very definition. 

Theorem 1.4.4: Let R be ring. Every S-zero divisor is a zero divisor but all zero 
divisors in general are not S-zero divisors. 

Definition 1.4.14: Let R be a ring with unit if every unit is a S-unit then we call R a 
Smarandache strong unit field (S-strong unit field). 

It is to be noted that S-strong unit field can have zero divisors. 

Definition 1.4.15: Let R be a commutative ring. IfR has no S-zero divisors we say R 
is a Smarandache integral domain (S-integral domain). 

Theorem 1.4.5: Every integral domain is a S-integral domain. 

Proof: Straightforward; hence left for the reader to prove all S-integral domains are 
not integral domains. 

Example 1.4.3: Let Z 4 = {0, 1, 2, 3} be the ring of integers; Z 4 is an S-integral domain 
and not an integral domain. 

Definition 1.4.16: Let R be a non-commutative ring. IfR has no S-zero divisors we 
call R a Smarandache division ring (S-division ring). It is easily verified that all 
division rings are trivially S-division rings. 

Now we proceed on to define Smarandache idempotents of a ring R. 

Definition 1.4.17: Let R be a ring. An element 0 & x e R is a Smarandache 
idempotent (S-idempotent) ofR if 

ii. x 2 = x. 

Hi. There exists a e R\ {1, x, 0} such that 

a. a 2 = x. 

b. x a = a (a x = a) or xa = x (or ax = x) 

or in ii(a) is in the mutually exclusive sense. Let x e R \ {0, 1 1 be a S-idempotent of 'R 
i.e. x 2 = x and there exists y e R\ {0, 1, xj such that y 2 = x and yx = x or xy = y. We 
call y the Smarandache co idempotent (S-co idempotent) and denote the pair by (x, y). 
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Definition 1.4.18: Let R be a ring. A proper subset A of R is said to be a 
Smarandache subring (S-subring) ofR if A has a proper subset B which is a field and 
A is a subring of R. The Smarandache ideal (S-ideal) is defined as an ideal A such 
that a proper subset of A is a field (with respect to the induced operations). 

Example 1.4.4: Let = {0, 1, 2, 3, 4, 5}. Clearly I = {0, 3} and J = {0, 2, 4} are not 
S-ideals only ideals. 

Example 1.4.5: Let Z| 2 = {0, 1, 2, , 1 1} be the ring of integers modulo 12. 1 = {0, 2, 

4, 8, 6, 10} is a S-ideal of Zi 2 . 

Definition 1.4.19: Let R be a S-ring, B a proper subset of R, which is a field. A non- 
empty subset C of R is said to be a Smarandache pseudo right ideal (S-pseudo right 
ideal) ofR related to A if 

i. ( C, +) is an additive abelian group. 

ii. For b e B and s e C we have sb e C. 

On similar lines we define Smarandache pseudo left ideal. A non-empty subset X ofR 
is said to be a Smarandache pseudo ideal if X is both a S-pseudo right ideal and S- 
pseudo left ideal. 

Definition 1.4.20: Let R be a ring. I a S-ideal of R; we say I is a Smarandache 
minimal ideal (S-minimal ideal) of R if we have J a I where J is another S-ideal ofR 
then J = I is the only ideal. Let R be a S-ring and M be a S-ideal ofR, we say M is a 
Smarandache maximal ideal (S-maximal ideal) of R if we have another S-ideal N such 
that MczN(zR then the only possibility is M = N or N = R. 

Definition 1.4.21: Let R be a S-ring and I be a S-pseudo ideal related to A, A a R 
(A is a field) I is said to be a Smarandache minimal pseudo ideal (S-minimal pseudo 
ideal) ofR if f is another S-pseudo ideal related to A and {0} a f a I implies I = f 
or 1 1 = {0}. Thus minimality may vary with the different related fields. Let R be a S- 
ring, M is said to be Smarandache maximal pseudo ideal (S-maximal pseudo ideal) of 
R related to the field A, A a R if Mi is another S-pseudo ideal related to A and if M a 
Mi then M = Mi. 



Definition 1.4.22: Let R be a S-ring, a S-pseudo ideal I related to a field A, A czR is 
said to be Smarandache cyclic pseudo ideal (S-cyclic pseudo ideal) related to A if I 
can be generated by a single element. Let R be S-ring, a S-pseudo ideal I ofR related 
to the field A is said to be Smarandache prime pseudo ideal (S-prime pseudo ideal) 
related to A if xy e I implies x e lory e I. 

Several nice and interesting results about them can be had from [120]. 

Now we proceed on to define S-subring II, S-ideal II and S-pseudo ideal II. 

Definition 1.4.23: Let R be a S-ring II, A is a proper subset of R is a Smarandache 
subring II (S-subring II) ofR if A is a subring and A itself is a S-ring II. A non-empty 
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subset I of R is said to be a Smarandache right ideal II (S-right ideal II) of R (S-left 
ideal II ofR) if 

i. I is a S-subring II. 

ii. Let A a I be an integral domain or a division ring in I then ai g I. 
(ia g I) for all a g A and i g I. If I is simultaneously S-right ideal II 
and S-left ideal II then I is called a Smarandache ideal II (S-ideal 
II) of R related to A. If R has no S-ideals I (II) we call R a 
Smarandache simple ring (S-simple ring) I (II), we call R a 
Smarandache pseudo simple I (II) (S-pseudo simple I (II)) if R has 
no S-pseudo ideal I (or II). 

Definition 1.4.24: Let R be a S-ring I (II). I a S-ideal I (II) of R, R/I = {a + / | a g 
R} is a Smarandache quotient ring I (II) (S-quotient ring I (II)) of R related to I. 

Definition 1.4.25: Let R be a S-ring, la S-pseudo ideal of R. R / 1 = {a + / / a g R} 
is a Smarandache pseudo quotient ring (S-pseudo quotient ring) I of R. 

Now we proceed on to define Smarandache modules. 

Definition 1.4.26: The Smarandache R-module (S-R-module) is defined to be an R- 
module (A, +, x) such that a proper subset of A is a S-algebra (with respect to the 
same induced operations and another 'x ’ operation internal on A) where R is a 
commutative unitary S-ring and X its proper subset which is a field. 

Notions of S-right (left) module I and II are defined as follows: 

Definition 1.4.27: Let R be a S-ring I (or II). A non-empty set B which is an additive 
abelian group is said to be a Smarandache right (left) module I (or II) (S-right (left) 
module I (or II)) relative to the S-subring I (or II) of A if D ci A where D is a field 
(Division ring or an integral domain) then DB a B and BD a B i.e. bd (and db) are in 
B with b(d + c) = bd + be for all d, c g D and b g B. 

On similar lines we can define S-left module. If I is simultaneously both a S-left and S- 
right module than we call I a S-module I (II). 

Definition 1.4.28: Let (R, +, •) be a S-ring. B be a proper subset ofA(Ba A) which 
is a field. A set M is said to be a Smarandache pseudo right (left) module (S-pseudo 
right (left) module) ofR related to B if 

i. (M, +) is an additive abelian group. 

ii. For b g B and m g M, m • b g M (b • m g M). 

in. (mi + m2 ) * b = mi • b + m? * b; (b • (mi +m 2) = b • mi + b • m2) 
for m 1, m2 g M and b g B. 

IfM is simultaneously a S-pseudo right module and S-pseudo left module then we say 
M is a Smarandache pseudo module (S- pseudo module) related to B. 

For more literature please refer [120]. 
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Definition 1.4.29: Let R be a ring, we say the ring R satisfies the Smarandache 
ascending chain conditions ( S-A.C.C for brevity) if for every ascending chain of S- 
ideals Ij of R that is f a f a /; c ... is stationary in the sense that for some integer p 
> 1, I p = Ip+i = .... Similarly R is said to satisfy Smarandache descending chain 
conditions (S-D.C.C) for brevity) if every descending chain N/ N 2 ...z) N k z> ... of 
S-ideals NjOfR is stationary. On similar lines one can define Smarandache A. C.C and 
Smarandache D.C.C of S-right ideals and S-left ideals of a ring. Thus we say a ring R 
is said to be Smarandache left Noetherian (S-left Noetherian) if the S-A.C.C on S-left 
ideals is satisfied. Similarly we say a ring R is Smarandache right Artinian (S-right 
Artinian) if the S-left ideals of'R satisfies the S-D.C.C. condition. 

Definition 1.4.30: Let R be a ring. A nilpotent element 0 ^ x e R is said to be a 
Smarandache nilpotent (S-nilpotent) element ifx n = 0 and there exists ay e R\ {0, x} 
such that x r y = 0 or yx s = 0; r, s > 0 and y m =£ 0 for any integer m > 1. 

Definition 1.4.31: An element a e R \ {0} is said to be Smarandache semi- 
idempotent I (S-semi-idempotent I). 

i. if the ideal generated by or - a that is R (a 2 - a) R is a S-ideal I 
and a <£ R (or - a) R or R = R (a z - a) R. 

We call a a Smarandache semiidempotent III (S-semi-idempotent III). 

ii. if the ideal generated by or - a i.e. R (or - a) R is a S-ideal II and 
a £ R (or - a JR or R = R (or - a) R. 

Definition 1.4.32: Let R be a non-commutative ring. A pair of distinct elements x, y 
e R different from the identity of R which are such that xy = yx is said to be a pseudo 
commutative pair of'R ifxay = yax for all a e R. If in a ringR every commutative pair 
happens to be a pseudo commutative pair of R then R is said to be a pseudo 
commutative ring. A pair of elements x, y e A, A a R A a S-subring of 'R such that xy 
= yx is said to be Smarandache pseudo commutative pair (S-pseudo commutative 
pair) of R if xay = yax for all a e A a R. If in a S-subring A a R, eveiy commuting 
pair happens to be a S-pseudo commutative pair then we call R a Smarandache 
pseudo commutative ring (S-pseudo commutative ring). 

Definition 1.4.33: Let R be a ring. We say R is a Smarandache strongly regular ring 
(S-strongly regular ring) if'R contains a S-subring B such that for eveiy x, y in B we 
have (xyf = xy for some integer n = n(x, y) > 1. 

Several results in this direction can be had form [120]. 

Definition 1.4.34: Let R be a ring. R is said to be Smarandache quasi commutative 
(S-quasi commutative) ring if for any S-subring A or R we have ab = b l a for eveiy a, 
b g A; y > 1. 

Definition 1.4.35: Let R be a ring. An element x e R is said to be Smarandache 
seminilpotent (S-seminilpotent) if x n -x is S-nilpotent. We call an element x e R to be 
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seminilpotent if x n - x = 0. A ring R is said to be a Smarandache reduced ring (S- 
reduced ring) ifR has no S-nilpotents. 

Definition 1.4.36: Let R be a ring, R is said to be a Smarandache p-ring (S-p-ring) 
if R is a S-ring and has a subring P such that xL = x and px = 0 for every x e P. 

We call R a Smarandache E-ring (S-E-ring) if x 2n = x and 2x = 0 for all x e P, where 
A is a S-subring of R for which P is a subring of A. It is pertinent to mention here S-E- 
ring is a partial particularization of a S-p-ring. 

Definition 1.4.37: Let R be a ring and P a subring of a S-subring A of R. We say R 
is a Smarandache pre J-ring (S-pre J-ring) if for every pair a, b e P we have a" b = 
ab" for some integer n. 

Definition 1.4.38: Let R be a ring. R is said to be a Smarandache semiprime ring 
(S-semiprime ring) if and only ifR has no zero S-ideal I which has elements x e I with 
x 2 = 0. 

Definition 1.4.39: A commutative ring with 1 is called Smarandache Marot ring (S- 
Marot ring) if every S-ideal I (or II) of R is generated by regular elements of I i.e. 
these S-ideals does not contain zero divisors. 

Definition 1.4.40: Let R be a ring. Let A be a S-subring I (or II) of R. Let I a A be 
an S-ideal I (or II) of the S-subring A. Then I is called the Smarandache subsemiideal 
I (S-subsemiideal I) (or II). If in the ring R we have a S-subsemiideal then we call R a 
Smarandache subsemiideal ring (S-subsemiideal ring). 

A more interesting notion about rings is the concept of filial rings and Smarandache 
fdial rings. 

Definition 1.4.41: Let R be a ring. We say R is a Smarandache fdial ring (S-filial 
ring) if the relation S-ideal in R is transitive, that is if a S-subring J is an S-ideal in a 
S-subring I and I is a S-ideal of R then J is an S-ideal ofR. 

Definition 1.4.42: Let R be a ring. We call R a Smarandache n-ideal ring (S-n-ideal 
ring) if for every set of n-distinct S-ideals I (or II), L, T, ..., /„ of R and for every 
distinct set of n elements xi, X 2 , ..., x n e R 1 (Ii u /?u ... u I„) we have (xj ufu ...u 
In) = (X 2 u f u I 2 ...u If) = ... = (x n u I 2 u I 2 u ...u If), () denotes the ideal 
generated by x t u // u ...u I n for 1 <i < n. 

Definition 1.4.43: Let R be a ring. A be a S-subring of R. We say R is Smarandache 
s -weakly regular ring (S-s-weakly regular ring) if for each a e A; a e aAa 2 A. 

Definition 1.4.44: Let R be a ring, R is said to be a Smarandache strongly 
subcommutative (S-strongly subcommutative) if every S-right ideal I (II) of it is right 
quasi reflexive (we say a right ideal I ofR is said to be quasi reflexive if whenever A 
and B are two right ideals ofR with AB c / then BA a I). 

Now we just introduce the concept of Smarandache Chinese ring. 
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Definition 1.4.45: Let R be a ring. R is said to be a Smarandache Chinese ring (S- 
Chinese ring) I (or II) if given elements a, b e R and S-ideal I (or II) in R such that (I 
u J u a) = (/uJu6) and there exist an element c e R such that (I u a) = (I u c) 
and (Ju b) = (Jyj c). 

Definition 1.4.46: Let R be a ring. R is said to be a Smarandache J-ring (S-J-ring) if 
R has a S-su bring A such that for all a e A we have a" = a, n > 1. 

Definition 1.4.47: Let R be a ring. Let {SJ denote the collection of all S-subrings of 
R. We say R is a Smarandache strong subring (S-strong subring) if every pair of S- 
subrings of R generates R. We say the ring is a Smarandache strong ideal ring (S- 
strong ideal ring) if every pair of S-ideals ofR generate R. 

If {Sj} denotes the collection of all S-subrings {I j} denotes the collection of all S- 
ideals; if every pair { Sj , I,j generate R then we say R is a Smarandache strong subring 
ideal ring (S-strong subring ideal ring). 

Definition 1.4.48: Let R be ring, we say R is a Smarandache weak ideal ring (S- 
weak ideal ring) if there exists a pair of distinct S-ideals L, h in R which generate R 
i.e. R = (I i u If) similarly we define Smarandache weak subring (S-weak subring) if 
there exists distinct pair of S-subrings Si, Sj in R which generate R i.e. R = (Si u Sf). 

Several interesting results in these directions can be had from [120]. 

Definition 1.4.49: Let R be a ring, A be a S-subring of R. R is said to be a 
Smarandache firing (S-f-ring) if and only if A is a partially ordered ring without non- 
zero nilpotents and for any a e A we have a/, a 2 e R with ai > 0, a 2 > 0; a = ai -a 2 
and aiU 2 = a 2 ai = 0. 



Definition 1.4.50: Let R be a ring. If the set of S-ideals of R is totally ordered by 
inclusion then we say R is a Smarandache chain ring (S-chain ring) (if the S-ideals 
are replaced by S-right ideals or S-left ideals we call R a Smarandache right chain 
ring (S-right chain ring) or a Smarandache left chain ring (S-left chain ring)). 

Definition 1.4.51: Let R be a ring, I be a S-ideal of X. We say I is a Smarandache 
obedient ideal (S-obedient ideal) ofR if we have two ideals X, Y in R (X r Y) such that 
(X n I, Y c 1) = (X, Y) n I. In case every S-ideal of the ring R happens to be a S- 
obedient ideal of R then we say R is a Smarandache ideally obedient ring (S-ideally 
obedient ring). 

Definition 1.4.52: Let R be a ring. R is said to be a Smarandache Lin ring (S-Lin 
ring) if R contains a S-subring B such that B is a Lin ring i.e. every pair of elements in 
B satisfies the identities. 



(xy -yx) n = xy - yx or 
(xy + yx) n = xy + yx. 

For a S-Lin ring we do not demand the equality to be true for all elements ofR. 
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Now we define a new notion called super ore condition for S-ring. 



Definition 1.4.53: Let R be a ring. We say R satisfies Smarandache super ore 
condition (S-super ore condition) if R has a S-su bring A and for every pair x, y e A 
we have r e R such that xy = yr. 

Several result in this direction can be obtained by an innovative reader. 

Definition 1.4.54: Let R be a ring. R is said to be an ideally strong ring if every 
subring ofR not containing identity is an ideal ofR. We call R a Smarandache ideally 
strong ring (S-ideally strong ring) if every S-subring of R is an S-ideal ofR. 

Definition 1.4.55: Let R be a ring {A,} be the collection of all S-ideals of R. If for 
every pair of ideals A i, A 2 e {A,} we have for every x e R\ {Aj u A 2 }; (Ai u x) = (A 2 
u x) and they generate S-ideals of R, then we say R is a Smarandache I* - ring (S-f - 
ring). 

Smarandache quotient ring isomorphism etc can also be defined as in case of ring, the 
interested reader is requested to refer [120], 

Definition 1.4.56: Let R be a ring. R is called a Smarandache F-ring (S-F-ring) if 
we have a subset A ofR which is a S-subring of R and we have for every subset X in R 
and a non-zero b e R such that bA n X =£ <j>. It is pertinent to mention here that we 
need not take X as a subset of A but nothing is lost even if we take X to be a subset of 
A. Similarly b can be in A or in R. 

Definition 1.4.57: Let x be an element of R, x is said to be a Smarandache SS- 
element (SSS-element) ofR if there exists y e R \ {xj with x • y = x + y. 

If a ring has at least one nontrivial SSS-element then we call R a SSS-ring. 

Now we proceed on to define two more new notions called Smarandache demiring 
and Smarandache demi module. 

Definition 1.4.58: Let R be a commutative ring with 1. A subset S ofR is said to be 
a Smarandache demi subring (S-demi subring) ofR if 

i. (S, +) is a S-semigroup. 

ii. (S, •) is a S-semigroup. 

Definition 1.4.59: Let R be a commutative ring with 1. P is said to be a 
Smarandache demi module (S-demi module) over R if 

i. P is a S-semigroup under '+ ’ and 

ii. There exists a nontrivial S-demi subring V of R such that for every 
p e P and v e V, v • p and p • v e P. 

in. v • (pi + p 2 ) = v • pi + v • p 2 . 

iv. v • (vj • p) = (v • vi) • p for all p, pi, p 2 eP and V/, v 2 e V. 
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IVe call T a subset ofP to be a Smarandache subdemi module (S-subdemi module) ifT 
is a S-demi module for the same S-demi subring. 

Definition 1.4.60: Let R be a ring. If for every x^P there exists a S-semiidempotent 
s of R such that x • s = s • x = x then we call the ring R a Smarandache locally 
semiunitary ring (S-locally semiunitary ring). 

Similarly the notion of CN-ring can be defined. 

Definition 1.4.61: Let R be a ring, a subset S ofR is said to be Smarandache closed 
net (S-closed net) if 

i. S is a semigroup. 

ii. S is a S-semigroup. 

We call R a Smarandache CN-ring (S-CN-ring) if R = u Sj where Sj ‘s are S closed 
nets such that S t n S t = A, i ^ j, A =£ Sj, A =£ Sj where A is a subgroup of Sj. We call R a 
Smarandache weakly CN-ring (S-weakly CN-ring) ifR a u Sj. 

Till now we saw mainly properties related to S-ring and several of the new 
Smarandache notions for more about these concepts please refer [120]. Now we 
define Smarandache mixed direct product of rings. 

Definition 1.4.62: Let R = Rj x R? where If is a ring and R ? is an integral domain 
or a division ring. Clearly R is a S-ring and we call R a Smarandache mixed direct 
product (S-mixed direct product). We can extend this to several number of rings say 
R i, If, R n ■ Let R = If x If x ... x If is called the Smarandache mixed direct 
product of n-rings (S-mixed direct product of n-rings) if and only if atleast one or 
some of the R, ’s is an integral domain or a division ring. 

Several identities in them can be studied. 

Definition 1.4.63: Let R be a ring, an element x in R is said to be a Smarandache 
weakly super related (S-weakly super related) in R if there exists a, [i, y e A such that 
(x + a.)(x + $)(x + y)=x + a$(x + y) + ay(x + $) + $y(x + a) where A is a S- 
subring ofR. 

We call an element x e R to be Smarandache super related (S-super related) in R if 
for all a, [1, y e A where A is a S-subring such that (x + a) (x + [1 ) (x + "{ ) = x + a [} 
(x + y ) + a y (x + P ) + Py (x + a). IfR has no S-subring but R is a S-ring then we 
say x e R is S-super related in R. 

We proceed on to define the notion of bisimple. 

Definition 1.4.64: Let R be a ring, we say R is Smarandache bisimple (S-bisimple) if 
it has more than one element and satisfies the following conditions. 

i. For any a e Awe have a e a A n A a where A is a S-subring. 
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ii. For any non-zero a, b e A there is some c e A such that aA = cA 
and Ac = Ab. 

We call R Smarandache semibisimple (S-semibisimple) if for any a, b e A where A is 
a S-subring, we have c e A such that aA = cA and Ac = Ah. We still define 
Smarandache weakly bisimple (S-weakly bisimple) if for every a e A; A a S-subring 
of R we have a e ad n A a and for every pair of elements a, b & A, aA a cA and 
Ab a Ac for some c e A. 

Note: We can extend the notion of S-bisimple to be Smarandache trisimple (S- 
trisimple) if a e a A n Aa n aAa. For more about these Smarandache notions please 
refer [120]. Finally we go on to define Smarandache n-like ring. 

Definition 1.4.65: Let R be a ring, we say R is a Smarandache n-like ring (S-n-like 
ring) if R has a proper S-subring A of R such (xy) n - xy n -x n y -xy = 0 for all x, y e R. 

This is an identity which is of a special type and hence several interesting results can 
be determined; the notion of Smarandache power joined and (m, n) power joined are 
introduced. 

Definition 1.4.66: Let R be a ring. If for every a e A a R where A is a S-subring 
there exists b e A such that a" = b n for some positive integer m and n then we say R is 
a Smarandache power joined ring (S-power joined ring). If we have a " = If, m and n 
different then we call Ra, the Smarandache (m, n) power joined ring (S-(m, n) power 
joined ring) if for every x e A a R there exists a y e A a R such that x m = y m (x =£ y) 
and m > 2, then we say R is a Smarandache uniformly power joined ring (S-uniformly 
power joined ring). 

Several interesting properties can be had from [120]. We briefly recall the definition 
of Smarandache strongly right commutative, Smarandache quasi semicommutative 
and concepts like S-semicommutator. 

Definition 1.4.67: Let R be a ring. An element x e A <z R where A is a S-subring of 
R is said to be a Smarandache quasi semicommutative (S-quasi semicommutative) if 
there exists y e A (y ^ 0) such that xy-yx commutes with every element of A. 

Ifx e A a R is a Smarandache semicommutator (S-semicommutator) of x denoted by 
SQ (x) = {p e A / xp - px commutes with every element of A}; R is said to be a 
Smarandache quasi semicommutative ring (S-quasi semicommutative ring) if far 
every element in A is S-quasi semicommutative. 

We define Smarandache quasi semicenter (S-quasi semicenter) SQ(R) of R to be 
SQ(R) = {x e R | xp -px is S-quasi semicommutative}. 

The reader is assigned the task of obtaining interesting results about these concepts. 
Now we proceed on to define Smarandache magnifying and shrinking elements of a 
ring R. 
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Definition 1.4.68: Let R be a ring. A a R be a proper S-subring of R. An element v 
is called Smarandache left magnifying element (S-left magnifying element) of R if vM 
= A for some proper subset M of A, we say v is Smarandache right magnifying 
element (S-right magnifying element) if Mjv = A for some proper subset Mi of A. v is 
said to be a Smarandache magnifying (S-magnifying) if vM = Mv = A for some M a 
proper subset of A. If v e A, then v is said to be a Smarandache friendly magnifying 
element (S-friendly magnifying element). If v £ A, we call v a Smarandache non- 
friendly magnifying element (S-non-friendly magnifying element), even if v e R 1 A, 
we still call v a non-friendly magnifying element. 

An element x is called Smarandache left shrinking element (S-left shrinking element) 
of R if for some S-subring A of R we have proper subset M of R such that x A = M (M 
^ A) or M^R. We define similarly Smarandache left shrinking (S-left shrinking) and 
Smarandache shrinking (S-shrinking) if xA = Ax = M. If x e A, we call x a 
Smarandache friendly shrinking element (S-friendly shrinking element) if x <£ A, we 
call x a Smarandache non-friendly shrinking element (S-non-friendly shrinking 
element). 

Definition 1.4.69: Let R be a ring if'R has a proper S-subring A ofR such that the S- 
subring A has only two S-idempotents then we call R a Smarandache dispotent ring 
(S-dispotent ring). If every S-subring A of R has exactly two S-idempotents then we 
say R is a Smarandache strong dispotent ring (S-strong dispotent ring). 

Definition 1.4.70: Let R be a ring. X be a S-subring of R. We say R is a 
Smarandache normal ring (S-normal ring) if aX = Xa for all a e R. We call R a 
Smarandache strongly normal ring (S-strongly normal ring) if every S-subring X of R 
is such that aX = Xa for all a e R. 

Several results can be developed in this direction. 

Definition 1.4.71: Let R be a ring. If for every S-semigroup, P under addition we 
have rP = Pr =P for every r e R (r =£ 0), then we call R a Smarandache G-ring (S-G- 
ring). If we have for every S-semigroup P under addition and for every r e R we have 
rP = Pr, then we call R a Smarandache weakly G-ring (S-weakly-G-ring) . 

Definition 1.4.72: Let R be a ring. If R has atleast one S-ideal which contains a 
non-zero S-idempotent then we say R is Smarandache weakly e-primitive (S-weakly e- 
primitive); we call R a Smarandache e-primitive (S-e-primitive) if every non-zero S- 
ideal in R contains a non-zero S-idempotent. 

Definition 1.4.73: Let R be a commutative ring. An additive S-semigroup SofR is 
said to be a Smarandache radix (S-radix) of R if xf, (t 2 - t) x 2 + xt 2 are in S if for 
every x e .S’ and t e R. IfR is a non-commutative ring then for any S-semigroup S ofR 
we say R has Smarandache left-radix (S-left-radix) if tx 3 , (t 2 - t)x 2 + t 2 x are in S if for 
every x e S and i 1 e R. 

Similarly we define Smarandache right radix (S-right radix) of R. If S is a 
simultaneously a S-left radix and S-right radix of a non-commutative ring then we say 
R has a S-radix. 
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Definition 1 . 4 . 74 : R be a ring. R is said to be a Smarandache SG-ring (S-SG-ring) 
if R = u S, where S,- are multiplicative S-semigroups such that Si n Sj = (|) if i =£ j, We 
say R is Smarandache weakly SG -ring (S-weakly SG-ring) if R = u S, where Sfs are 
S-multiplicative semigroups and S, n Sj ^ (|) even ifi ^ j. 

Definition 1 . 4 . 75 : Let R be a ring. We say 0 * r e R is called a Smarandache 
insulator (S-insulator) if for r there exists a non-empty subset X of R where X is a S- 
semigroup under '+’ and the right annihilator r s = (frx \ x e X}) = { 0 }. A non-zero 
ring R is said to be Smarandache strongly prime (S-strongly prime) if every non-zero 
element of R has a finite S-insulator. 

Definition 1 . 4 . 76 : Let R be a commutative ring and P an additive S-semigroup of R. 
P is called a Smarandache n-capacitor group (S-n-capacitor group) of R if x P cP 
for every x e R and n > 1 and n a positive integer. 

Definition 1 . 4 . 77 : Let R be a ring, a pair x, y e R is said to have a Smarandache 
subring right link relation (S-subring right link relation) if there exists a S-subring P 
in R l {x, y} such that x e Py and ye P x. Similarly Smarandache subring link relation 
(S-subring link relation) if x e y P and y exP. If it has both a Smarandache left and 
right link relation for the same S-subring P, then we say x and y have a Smarandache 
subring link (S-subring link). 

We say x, y e R is Smarandache weak subring link with a S-subring P (S-weak 
subring link with a S-subring P) in R 1 {x, y}, if either x e Py or y e Px (or in a 
strictly mutually exclusive sense) we have a S-subring Q^P such thaty e Qxforxe 
Q y). We say a pair x, y e R is said to be Smarandache one way weakly subring link 
related (S-one way weakly subring link related) if we have a S-subring P a R jx, y} 
such that x e Py and for no subring 0 cr R \ {x, y} we have y e Qx. 

Definition 1 . 4 . 78 : Let R be a ring, A be a S-subring of R. A is said to be a 
Smarandache essential subring (S-essential subring) of R if the intersection of every 
other S-subring is zero. If every S-subring of R is S-essential S-subring then we call R 
a Smarandache essential ring (S-essential ring). 

Definition 1 . 4 . 79 : Let Rbe a ring. If for every pair of S-subrings P and QofR there 
exists a S-subring T of R (T^R) such that the S-subrings generated by PT and TQ are 
equal; i.e. ( PI) = ( TO) then we say the pair P and Q is a Smarandache stabilized pair 
(S-stabilized pair) and T is called the Smarandache stabilizer (S-stabilizer) of P and 
Q. A pair of S-subrings A, B of R is said to be a Smarandache stable pair (S-stable 
pair) if there exists a S-subring C ofR such that C u A = C u B and (C u A) = (C u 
B) where () means the subring generated by C u A and C u B; C is called 
Smarandache stability S-subring (S-stability S-subring) for the S-stable pair A and B. 
If every pair of S-subrings of R is a stable pair then we say R is a Smarandache stable 
ring (S-stable ring). 

The notion of Smarandache hyper ring will find its application in case of birings, 
which we choose to call as hyper biring. So we define these notions in case of S-rings. 
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Definition 1.4.80: Let Z„ be a ring with A to be a S-subring of Z n . Define the 
Smarandache hyper ring I (or II) (S-hyper ring I or (II)) to be a subring of A x A 
given by; for any q e A. (A, q, +) = {(aj + 02, aj + a? + q) \ aj , 02 e A} and (A, q, •) 
= {(ai. a2, ai.a2.q) \ ai, a2 e A}. 



Similarly we define Smarandache hyper ring II for any S-subring II of R. 

Definition 1.4.81: Let R ring. We say R is Smarandache semiconnected (S- 
semiconnected) if the center ofR contains a finite number of S-idempotents. 

Study of how the S-ideals of a ring, or the S-subrings of a ring is an important one. 
We know the set of ideals of a ring form s a modular lattice. 

The study in this direction is an interesting and an innovative one. We leave the reader 
to develop in this direction. We study how the S-ideals and S-subrings of a biring look 
like. 

Definition 1.4.82: Let R be a ring. An element a € A where A is a S-subring of R is 
said to be Smarandache clean element (S-clean element) of R if it can be expressed as 
a sum of an idempotent and a unit in R. A ring R is called a Smarandache clean ring 
(S-clean ring) if every element of R is S-clean. We call an element a e R to be 
Smarandache strongly clean (S-strongly clean) if it can be written as a sum of a S- 
idempotent and a S-unit. If every element x e R is S-strongly clean then we call the 
ring R a Smarandache strongly clean ring (S-strongly clean ring). 

Many more notions about S-rings which has not been carried out in this section can be 
had from [120]. 

We now proceed on to define the concept of Smarandache properties in non- 
associative rings. All Smarandache properties which can be modified to non- 
associative rings in a analogous way or with some simple modifications are left for 
the reader to develop. Only those properties, which are enjoyed by SNA rings, are 
recalled for the reader. Any way the reader is advised to refer [119]. 

Definition 1.4.83: Let R be a non-associative ring, R is said to be a Smarandache 
non-associative ring (SNA-ring) if R contains a proper subset P such that P is an 
associative ring under the operations of R. 

As non-associative rings cannot be constructed using the set of reals or integers or 
rationals or complex or modulo integers without the aid of another algebraic structure 
it is really difficult to give natural examples of non-associative rings. 

The well-known algebraic classes of non-associative rings are 

i. Loop rings i.e. using a loop and a ring they are built analogous to group rings. 

ii. Groupoid rings, built using groupoids over rings. 

These non-associative rings enjoy a varied relation only when they satisfy the special 
types of identities like Moufang, Bol, Brack, P-identity and right (left) alternative 
identities. 
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We in this book do not study Lie algebras or Jordan algebras as non-associative rings. 



Definition 1.4.84: Let R be a SNA-ring we call a non-empty subset I of R to be a 
Smarandache seminormal subring (S-seminormal subring) if 

i. I is a S-subring ofR. 

ii. al = X for all a e R. 

Hi. I a = Y for all a e R. 

where either X or Y is a S-subring ofR, and X and Y are just subrings of R. We say W 
is a Smarandache normal subring (S-normal subring) if a V = X and Va = Y for all a 
e R. where both X and Y are S-subrings of R (Here V is a S-subring of R). 

Almost all relations would follow in a very natural way with simple modifications. 



1.5 Semirings, S-semirings and S-semivector spaces 

This section is devoted to the introduction of semirings, Smarandache semirings and 
Smarandache semivector spaces. As the study of bisemirings or bisemivector spaces 
is very new only being introduced in this book. Here we give special importance to 
the study of Smarandache bisemirings and Smarandache bisemivector spaces. For 
more about semirings, Smarandache semirings and Smarandache semivector spaces 
the reader can refer [122], First we introduce the concept of semirings and semivector 
spaces. 

Definition 1.5.1: Let S be a non-empty set on which is defined two binary 
operations '+’ addition and '•'multiplication satisfying the following conditions: 

i. (S, +) is a commutative monoid. 

ii. (S, •) is a semigroup. 

iii. (a + b)*c = a*c + b*c and a • (b + c)=a*b + a*c for all 
a, b, c in S. 

(S, +, •) is called the semiring. If in the semiring (S, +, •) we have (S, •) to be a 
commutative semigroup then we call (S, +, •) a commutative semiring. If (S, •) is a 
non-commutative semigroup then we call (S, +, •) a non-commutative semiring. If in a 
semiring (S, +, •) we have (S, +, •) to be a monoid, we call the semiring to be a 
semiring with unit. 

Example 1.5.1: Let Z° = Z + u {0} where Z denotes the set of positive integers then 
Z° under usual ‘+’ and multiplication is a semiring; in fact a commutative semiring 
with unit. Similarly Q° = Qf u {0} and R° = R + u {0} are also commutative 
semirings with unit where Q + is the set of positive rationals and R + is the set of 
positive reals. 

Definition 1.5.2: Let (S, +, •) be a semiring. We say the semiring is of characteristic 
m if mx = x + ...+ x (m times) equal to zero for all x e .S’. If no such m exists we say 
the characteristic of the semiring is 0. 
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Here it is pertinent to mention that certain semirings will have no characteristic 
associated with it. Thus this is the main difference between a ring and a semiring. 

The number of elements in a semiring is denoted by o(S) or \ S \ i.e. the order of S. If 
o(S) = n with n < oc we say the semiring is finite, if n = oc we say the semiring is of 
infinite order. 

Example 1.5.2: Let L be the chain lattice given by the following diagram: 



♦ 1 
O b 
O a 
• 0 

Figure 1.5.1 

L is semiring with o(L) = 4 and L has no characteristic associated with it. 
Example 1.5.3: The following distributive lattice S is also a semiring of order 8. 




S is commutative and has no characteristic associated with it. 

Direct product of semirings can be defined as in case of any algebraic structure. 

Definition 1.5.3: Let S be a semiring. P a subset of S. P is said to be a subsemiring 
ifP itself is a semiring. A non-empty subset I of S is called a right (left) ideal ofS if 

i. I is a subsemiring. 

ii. For all i e I and s e S. 
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we have i s e I (s i e I). I is called an ideal if I is simultaneously a right and a left 
ideal of S. 

We define the concept of left (right) unit, unit, left (right) zero divisor in a semiring as 
in case of rings. 

Definition 1.5.4: An element x e S, S a semiring is said to be an idempotent if 
x 2 =x. 

Definition 1.5.5: Let S and S' be two semirings. A mapping <|> : S — » S' is called the 
semiring homomorphism if 

<)> (a + b) = 4> (a) + §(b) and 

4> (a • b) = <)> (a) • (j) (b) for all a, b e S. 

If ( j) is one to one and onto we call 4> a semiring isomorphism. 

Definition 1.5.6: Let S be a semiring. We say S is a strict semiring if a + b = 0 
implies a = 0 and b = 0. A commutative strict semiring with unit and without divisors 
of zero is called a semifield. 

Example 1.5.4: Z° is a semifield. 

Example 1.5.5: Any chain lattice L is a semifield. 

In example 1.5.4, the semifield is of characteristic zero where as in the semifield 
given in example 1.5.5, L has no characteristic associated with it. Polynomial 
semirings are defined analogous to polynomial rings. If S[x] is a polynomial semiring 
then S[x] is a commutative semiring with 1. To create non-commutative semirings 
other than matrix semirings we go by the new definitions of the algebraic structures 
called group semirings and semigroup semirings. By using non-commutative groups 
and semigroups we can get several new non-commutative semirings. 

Definition 1.5.7: Let S be a strict commutative semiring with unit. G any group 
under multiplication. SG be the group semiring defined analogous to group ring. SG 
consists of finite formal sums of the form 



I>^ 

i=l 

where i runs over a finite number n with Sj e S and g, e G satisfying the following 
conditions. 

n n 

i- X s iSi = X hSi <=> s , = and gi e Gfor all i. 

i-1 i=l 
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n n n 

»■ X s iSi + X f i8i =H( s i + f i )Si f° r al1 s > ti G S ’ Si e G. 

i=l i-1 i=l 

iii. (Z ■s.-g,- ) (X t j h j ) = X w/ ^ re m * = X cmd P k = Sihp gihj 

g G and s„ tj g 5. 



iv. Si gj = gi Si for Si g 5 and g, g G. 



X 5 ^ = '^ss l g i for gi g G and s, Si g 5. 



V • 



vi. As 1 g G and 1 & S we have l.G = Gc SG and S.l = 5c SG. 



The group semiring SG will be a commutative semiring when G is commutative and 
will be a non-commutative semiring when G is non-commutative. 

Now we proceed on to define the concept of semivector spaces using the concept of 
semifield defined earlier. 



Definition 1.5.8: A semivector space V over the semifield S of characteristic zero is 

the set of elements called vectors with two laws of combination called vector addition 

and scalar multiplication satisfying the following conditions. 

i. To every pair of vectors a, P in V there is associatied a vector in V called the sum 
which we denote by a + p. 

ii. Addition is associative (a + Pj + y = a + (p + y) for all a, Pjg V. 

iii. There exists a vector which we denote by zero such that 0 + a = a + 0 = a for all 
a g V 

iv. Addition is commutative i.e a +P = P + a, a , P g V. 

v. For 0 g S and a g V we have 0 *a = 0. 

vi. To every scalar s g S and every vector v g V there is associated a unique vector- 
called the product s • v, which we denote by sv. 

vii. Scalar multiplication is associative (ab) a = a(ba) for all a, b g S and a g V. 

viii. Scalar multiplication distributes, that is a (a + ft) = aa + oP for all a g S and a, 
P G V 

ix. Scalar multiplication is distributive with respect to scalar addition: (a + b) a = 
aa + ba for all a, b g S and for all a g V. 

x. I*a = a (where 1 g S) and a g V. 

Example 1.5.6: Z° is a semifield and Z° [x] is a semivector space over Z°. 

Example 1.5. 7: Q° is a semifield and R° is a semivector space over Q°. 

Example 1.5.8: Let M n x n = {(ay) | ay g Z°}, the set of all n x n matrices with entries 

from Z°. Clearly M n x n is a semivector space over Z°. 
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Example 1.5.9 : Let C n be a chain lattice; then C n [x] is a semivector space over C n (C n 
is a chain lattice with n elements including 0 and 1 i.e. 0 < ai < &2 < . . . < a n _2 < 1). 

Several interesting properties about semivector spaces can be had from [81 and 122]. 
The main property which we wish to state about semivector spaces is the concept of 
basis. 

Definition 1.5.9: A set of vectors (vi, V 2 , v„) in a semivector space V over a 

semifield S is said to be linearly dependent if there exists a non-trivial relation among 
them; otherwise the set is said to be linearly independent. (The main difference 
between vector spaces and semivector spaces is that we do not have negative terms in 
a semifield over which semivector spaces are built). 

Definition 1.5.10: Let V be a semivector space over the semifield S. For any subset 
A of V the set of all linear combinations of vectors in A is called the set spanned by A 
and we shall denote it by (A). Clearly A a (A). A linearly independent set of a 
semivector space over the semifield S is called a basis of V if that set can span the 
semivector space V. 

Definition 1.5.11: A subsemivector space W of a semivector space V over a 
semifield S is a non-empty subset of V, which is itself a semivector space with respect 
to the operations of addition and scalar multiplication. 

Definition 1.5.12: Let V / and F? be any two semivector spaces over the semifield S. 
We say a map / function T : Vj — > V 2 is a linear transformation of semivector spaces if 
T (a v + u) = a T (v) + T (u) for all u, v e Vj and a e S. A map / function from V to V 
is called a linear operator of the semivector space V if T ((a v + u) = a T (v) + T (u) 
for all a e S and u, v e F 

We proceed on to define notions of Smarandache semirings and semivector spaces. 
We recall basic properties. The reader can refer [122] for more information. 

Definition 1.5.13: The Smarandache semiring S which will be denoted from here 
onwards by S-semiring is defined to be a semiring S such that a proper subset B of S 
is a semifield (with respect to the same induced operation). That is (j) ^ B a S. 

Example 1.5.10: Z° x Z° is a semiring. Clearly B = Z° x {0} is a semifield. So S is a 
S-semiring. 

If the S-semiring has only a finite number of elements we say the S-semiring is finite 
other wise infinite. 

Definition 1.5.14: Let S be a semiring, A non-empty proper subset A of S is said to 
be a Smarandache subsemiring (S-subsemiring) ; if A is a S-semiring; i.e. A has a 
proper subset P such that P is a semifield under the operations of S. 

Definition 1.5.15: Let S be a S-semiring. We say S is a Smarandache commutative 
semiring (S-commutative semiring) if S has a S-subsemiring, which is commutative.If 
the S-semiring has no commutative S-subsemiring then we say S is a Smarandache 
non-commutative semiring (S-non-commutative semiring). 
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Definition 1.5.16: Let S be a semiring. A non-empty subset P of S is said to be 
Smarandache right (left) ideal (S-right (left) ideal) ofS if the following conditions are 
satisfied. 

i. P is a S-subsemiring. 

ii. For every p e P and A a P where A is the semifield of P we have for all 
a e A and p e P ap (pa) is in A. 

If P is simultaneously both a S-right ideal and a S-left ideal than we say P is a 
Smarandache ideal (S-ideal). 

Definition 1.5.17: Let S be a semiring. A non-empty proper subset A of S is said to 
be Smarandache pseudo subsemiring (S-pseudo subsemiring) if the following 
condition is true. If there exists a subset P of S such that A a P where P is a S- 
subsemiring i.e. P has a subset B such that B is a semifield under the operations of S 
or P itself is a semifield under the operations of S. 

Now we proceed on to define Smarandache pseudo (right) left ideals. 

Definition 1.5.18: Let S be a semiring. A non-empty subset P of S is said to be a 
Smarandache pseudo right (left) ideal (S- pseudo right (left) ideal) of the semiring S if 
the following conditions are true. 

i. P is a S-pseudo subsemiring i.e. Pa A, A is a semifield in S. 

ii. For every p e P and every oe A; ap e P (pa e P). 

IfP is simultaneously both a S-pseudo right and left ideal we say P is a Smarandache 
pseudo ideal (S-pseudo ideal). 

We define Smarandache pseudo dual ideal of S as follows: A non -empty subset P of S 
is said to be a Smarandache pseudo dual ideal (S-pseudo dual ideal) if the following 
conditions hold good. 

i. P is a S-subsemiring. 

ii. For every p e P and a e A \ {Of a + p is in A where A a P. 
Example 1.5.11: Let S be the semiring given by the following diagram: 
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P = {0, a, d, b, 1} c= S, P is a S-dual ideal of S. (For A = {0, 1} is a semifield). 



Similarly we can define Smarandache dual ideal of a semiring. This task is left as an 
exercise for the reader. 

Definition 1.5.19: Let S be a S-semiring. S is said to be a Smarandache semidivision 
ring (S-semidivision ring) if the proper subset A a S is such that 

Hi. A is a S-subsemiring which is non-commutative. 

iv. A contains a subset P such that P is a semidivision ring that is P is a non- 
commutative semiring. 

Now the notions of S-zero divisors, S-units and S-idempotents are defined in 
semirings as in case of rings. 

Now we introduce a new notion called Smarandache anti zero divisor. 

Definition 1.5.20: Let S be a semiring. An element x e S is said to be a 
Smarandache anti zero divisor (S-anti zero divisor) if we can find ay such that xy* 0 
and a, b e S \{0, x,y} such that 

i. ax ^ 0 or xa =£ 0. 

ii. by ^ 0 or yb ^ 0. 

Hi. ab = 0 or ba = 0. 

Several interesting results in this direction can be found in [120]. 

The concept of S-D.C.C and S-A.C.C conditions can be defined as in case of rings 
with corresponding minor modifications. 

Now we proceed on to define Smarandache semirings of level II. 

Definition 1.5.21: A semiring S is said to be a Smarandache semiring of level II (S- 
semiring of level II) if S contains a proper subset A where A is a field under the 
operations of S. 

Example 1.5.12: Let S = C 2 x Q where C 2 is a chain lattice with two elements and Q 
is a field; then S is a S-semiring II. 

We now define Smarandache mixed direct product of semirings; the main motivation 
is it gives the mode of construction of S-semiring II. 

Definition 1.5.22: Let S = Si x S 2 ... x S„ is called the Smarandache mixed direct 
product of semirings (S-mixed direct product of semirings) where at least one of the 
Si’s is a semiring and one of the Sfs is a field, other Sfs can be semifields, rings or 
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semirings. So S under component wise operations is a semiring. Clearly it can be 
proved that S is a S-semiring II. 

All properties like S-ideals S -subsemirings etc can be defined for these S-semirings II 
and this work is assigned to the reader. 

Now we proceed on to define a new notion called Smarandache anti semiring. 

Definition 1 . 5 . 23 : Let R be a ring. We say R is a Smarandache anti semiring (S-anti 
semiring) ifR contains a semiring. 

Example 1.5.13: Z be the ring of integers. S = Z + u {0} is a semiring in Z. So Z is a 
S-anti semiring. 

Several examples can be given and it is left as exercise for the reader. Next we 
proceed on to define Smarandache semifields. 

Definition 1 . 5 . 24 : Let S be a semifield. S is said to be a Smarandache semifield (S- 
semifield) if a proper subset of S is a K-semialgebra with respect to the same induced 
operations and an external operator. We call S a Smarandache weak semifield (S- 
weak semifield) if S contains a proper subset P which is a semifield and P is a S- 
semifield. 

Definition 1 . 5 . 25 : Let S be a field or a ring. S is said to be Smarandache anti- 
semifield (S-anti-semifield) if S has a proper subset which is a semifield. It is easily 
verified that all fields of characteristic zero are S-anti semifields. 

Now we proceed on to define Smarandache semivector spaces. 

Definition 1 . 5 . 26 : Let G be a semigroup under the operation '+ S any semifield. 
Let G be a semivector space over S. G is said to be a Smarandache semivector space 
(S-semivector space) over S if G is a S-semigroup. We call a subset W of a S- 
semivector space V to be a Smarandache subsemivector space (S-subsemivector 
space) ifW itself is a S-semivector space. 

Definition 1 . 5 . 27 : Let V be a semigroup, which is a S-semivector space over a 
semifield S. A Smarandache basis (S-basis) for V is a set of linearly independent 
elements which span a S-subsemivector space P of V; that is P is a S-subsemivector 
space ofV, so P is also a S-semigroup. 

We define Smarandache pseudo semivector space. 

Definition 1 . 5 . 28 : Let V be a vector space over S. Let W be a proper subset of V. If 
W is not a subsemivector space over S but W is a subsemivector space over a proper 
subset P a S then we say W is a Smarandache pseudo semivector space (S-pseudo 
semivector space) over P a S. 

The concept of Smarandache anti-semivector space is defined. 
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Definition 1 . 5 . 29 : Let V be a vector space over a field F. We say V is a 
Smarandache anti semivector space (S-anti semivector space) over F if there exists a 
subspace W a V such that W is a semivector space over a semifield S a F. Here W is 
just a semigroup under '+ 

Several interesting properties about these structures can be had from [122]. 



1.6 Near-rings and S-near-rings 

In this section we introduce the concept of near-rings and Smarandache near-rings. As 
it is essential to know these concepts for building up binear-rings and Smarandache 
binear-rings, which are very new concepts, we have briefly given them. The study of 
Smarandache near-rings is very recent; introduced only in the year 2002 [43, 118, 
126], 

Definition 1.6.1: A near -ring is a set N together with two binary operations '+ ’ and 
'• ' such that 

i. (N, +) is a group. 

ii. (N, •) is a semigroup. 

Hi. For all nj, n 2 , 113 e N; (n 2 + n 2 ) • 113 = «/ • n 3 + n 2 • 113 (right 
distributive law). 

This near-ring will be termed as right near-ring. Ifnj • (n 2 + 113) = n 2 • n 2 + tij • 113 
instead of condition (Hi) the set N satisfies, then we call N a left near-ring. 
Throughout this text we will be using only right near-rings unless otherwise we 
clearly specify it. 

Let (N, +, •) be a near-ring |A| or o(N) denotes the order of the near-ring N i.e. the 
number of elements in N. If \ N\ < oc we say the near-ring is of finite order if\N\ = oc 
we call N an infinite near-ring. We denote by Nd = {d e N \ d (n t + n 2 ) = dn 2 + dn 2 
for all nj, n 2 e N}. 

Definition 1.6.2: Let N be a near-ring; if (N, +) is abelian we call N an abelian 
near-ring. If (N, •) is commutative we call N itself a commutative near-ring. IfN = Nd, 
N is said to be distributive. If all non-zero elements ofN are left cancelable we say 
that N fulfils the left cancellation law. Similarly one defines right cancelable. N is an 
integral domain ifN has no non zero divisors of zero. IfN' = N \ {0} is a group under 
'• ' then N is called a near field. A near-ring which is not a ring will be referred to as 
non-ring. Similarly a non-field is a near field, which is not a field. A near-ring with 
the property that Nd generates (N, +) is called a distributively generated near-ring. 

In the theory of near-rings a major role is played by the notion called N-groups. 

Definition 1.6.3: Let (P, +) be a group with 0 and let N be a near-ring. Let p: N x P 
— > P, (P, \x) is called a N-group if for all p e P and for all n, ni e N we have (n + nf 
p = (np + ri i p) and (nni) p = n(n 2 p). N p stands for N-groups. 
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A subgroup M of a near-ring N with M.M c M is called a subnear-ring of N. A 
subgroup S of N p with N S c S is a N-subgroup of P. 

Definition 1.6.4: Let N be a near-ring and P a N-group. A normal subgroup I of (N, 
+) is called an ideal of N if 

i. IN a I. 

ii. for all ni, ti 2 £ N and for all i e I, n(ni + i) - nn/ e I. 

Normal subgroup T of (N, +) with (i) is called right ideal of N while normal subgroup 
L of (N, +) with (ii) are called left ideals. A normal subgroup S of P is called ideal of 
N p if for all s e P; Sj e S and for all n e N; n(s + n) - ns e S. 

Factor near-ring N / 1 and factor N-subgroups P/S are defined as in case of rings. 

Definition 1.6.5: A subnear-ring M of N is called invariant if MN ci M and NM a 
M. Near-rings are called simple if it has no ideals. N p is called N-simple if it has no 
N-subgroups except 0 and P. 

The notions of minimal and maximal ideals in a near-ring are defined as in case of 
rings. 

Definition 1.6.6: LetX, Y be subsets ofN’ (X; Y) = fn e N \ nY clj (0: X) is called 
the annihilator of X. We denote it by (X: Y)n as N is the related near-ring. N’ is 
faithful if ( 0:P) = {Of 

The concept of products, direct products and subdirect products in near-rings can be 
defined in an analogous way as in case of rings with very simple modifications. 

The concept of ore conditions in near-rings is little different hence we define them. 

Definition 1.6.7: The near-ring N is said to fulfill the left (right) ore condition with 
respect to a given subsemigroup S of (N, *) if for (s, n) e S x N there exists ni e N 
and si e S such that n • sj=s • n/ (s/ • n = nj • s). 

Now we proceed on to define free near-ring. 

Definition 1.6.8: A near-ring F x e V (V denotes the set of all near-rings) is called a 
free near-ring in V over N if there exists f: X — » F (where X is any non empty set) for 
all N g V and for all g: X — » N there exists a homomorphism h e Horn ( F x , N): 
hof=g 
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Thus if V = {set of all near-rings}, we simply speak about free near-ring on X. A 
near-ring is called free if it is free over some set X. 

Definition 1.6.9: Let I be an ideal of the near-ring N. I is called a direct summand 
of N if there exists an ideal J in N such that N = I + J. 

Definition 1.6.10: A finite sequence N = No z ~>Ni z) AT z) ... z> N n = { 0 } of subnear- 
rings Nj ofN is called a normal sequence ofN if and only if for all i e {1, 2, ..., n}; Nj 
is an ideal of Ni _ /. 

The concept of A.C.C and D.C.C. can be defined in case of near-rings as in case of 
rings. 

Definition 1.6.11: Let P be an ideal of the near-ring N. P is called a prime ideal if 
for all ideals I and J of N, I J cP implies I <z P or J <z P. N is called a prime near- 
ring if {0} is a prime ideal. 

An ideal S of a near-ring N is called semiprime if and only if for all ideals I of N, 1 2 <z 
S implies I <z S. N is called a semiprime near-ring if {0} is a semiprime ideal. Let I be 
an ideal of N; The prime radical of I denoted by P(I) = nP, /cP. 

Definition 1.6.12: Let L be a left ideal in a near-ring N. L is called modular if and 
only if there exists z g N and for all n g N, n - nz g L z . In this case we also say that L z 
is modular by z and that z is the right identity modulo L since for all n g N; nz = n 
( mod L). z g N is called quasi regular if z g L z , S <z N is called quasi regular if and 
only if for all s e S; s is quasi regular. 

The concept of near polynomial rings is defined analogous to polynomial rings 
similarly matrix near-rings is also built. 

For more about these concepts please refer [118, 126]. 

Definition 1.6.13: Let N be a near-ring. N is said to fulfill the insertion of factors 
property (IFP) provided that for all a, b, n e N we have ab = 0 implies anb = 0. N 
has strong IFP property if every homomorphic image of N has the IFP. 

N has the strong IFP if and only if for all I in N and for all a, b, n e N. ab e I implies 
anb e I. 

Definition 1.6.14: Let N be a near-ring. A right ideal I of N is called right quasi 
reflexive if whenever A and B are ideals of N with A.B <z / then b(b' + a) - bb' e / for 
all a g A and for all b, b' g B. 

A near-ring N is strongly subcommutative if every right ideal of it is right quasi 
reflexive; any near-ring in this class of near-rings is therefore right quasi reflexive. 

Several interesting results using these concepts can be had from the book [43, 118, 
126], 
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Definition [ 126 ]: Let N be a near-ring, S a subnormal subgroup of (N, +), S is 
called a quasi ideal of N if SN a NS a S where by NS we mean elements of the form 
{n (n' + s) - nn 7 for all s e S and for all n, n ' e N} = NS. 

Definition 1 . 6 . 15 : Let N be a left near-ring; N is said to satisfy left self distributive 
identity if abc = abac for all a, b, c e N. A near-ring N is left permutable if abc = bac, 
right permutable if abc = acb, medial if abed = acbd and right self distributive if abc 
= aebe; for all a, b, c e N. 

Definition 1 . 6 . 16 : A near-ring R is defined to be equiprime if for all 0 =£ a e R and 
x, y e R, arx = aiy for all r e R implies x = y. If P is an ideal of R, P is called an 
equiprime ideal ofR if R/P is an equiprime near-ring. It can be proved P is an ideal of 
R if and only if for all a e R\ P, x, y e P, arx - ary e P for all r e R implies x - y e 

P. 

Now we define the concept of infra near-ring. 

Definition 1 . 6 . 17 : An infra near-ring (INR) is a triple (N, +, •) where 

i. (N, +) is a group. 

ii. (N, *) is a semigroup. 

iii. (x + y) • z = x • z - 0 • z + y • z 

for all x,y,z& N. 

Several interesting results can be had from [43, 126]. 

We as in case of rings define n ideal near-ring. Further the marot near-ring N if each 
regular ideal of N is generated by a regular element of N. Properties of marot near- 
rings have been studied in [43, 118, 126], 

The notions of right loop near-ring was introduced by [45-47] . 

Definition 1 . 6 . 18 : The system N = (N, +, •, 0 ) is called a right loop half groupoid 
near-ring provided. 

i. (N, +, 0) is a loop. 

ii. (N, *) is a half groupoid. 

iii. (iii * n-2) • 113 = iii * (n2 • 113) for all ni, 112, «.s e N for which iii • nj, 

n 2 • 113, (iii * n 2 ) • 113 and ni • (n 2 *113) e N. 

iv. (iii + n 2 ) * 113 = ii] • 113 + n 2 • 113 for all ni, n 2 , 113 e N for which 

(iii + n 2 ) • 113, n 2 • n_; g N. 

(From now onwards we denote iii • n 2 by nin 2 ). If instead of (iv) N satisfies iij • (n 2 + 
113) = iii • n 2 + ii; * n 3 for every ni, n 2 , 113 e N then we say N is a left loop half 
groupoid near-ring. We shall denote in any loop L the unique left and right inverse of 
a by ai and a,- respectively. 
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